FILTERED ENDS, PROPER HOLOMORPHIC MAPPINGS OF KAHLER 
MANIFOLDS TO RIEMANN SURFACES, AND KAHLER GROUPS 



TERRENCE NAPIER* AND MOHAN RAMACHANDRAN 

Abstract. The main result of this paper is that a connected bounded geometry complete 
Kahler manifold which has at least 3 filtered ends admits a proper holomorphic mapping 
onto a Riemann surface. As an application, it is also proved that any properly ascending 
HNN extension with finitely generated base group, as well as Thompson's groups V, T, and 
F, are not Kahler. The results and techniques also yield a different proof of the theorem 
of Gromov and Schoen that, for a connected compact Kahler manifold whose fundamental 
group admits a proper amalgamated product decomposition, some finite unramified cover 
admits a surjective holomorphic mapping onto a curve of genus at least 2. 

This version of this paper contains details not in the version submitted for publication. 



Introduction 

This is a version of a paper which is similar to another paper of the same title submitted 
for publication. This version contains details not in the version submitted for publication. 

The main goal of this paper is the following (the required definitions appear later in this 
introduction): 

Theorem 0.1. Let X be a connected complete Kahler manifold satisfying at least one of 
the following hypotheses: 

(i) X has bounded geometry, 

(ii) X admits a positive Green's function G that vanishes at infinity, or 

(iii) X is weakly 1- complete. 

If e(X) > 3, then X admits a proper holomorphic mapping onto a Riemann surface. 



In particular, this paper provides a unified framework for some of the results of |Grolj 



|L"j . |Gro2j . |GroSj . |NRlj - |NR4j . and |DelG| . This framework relies on the notion of filtered 
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ends, first introduced by Kropholler and Roller |KroRj in the group theoretic context and 
later given a topological interpretation by Geoghegan |Gej (we work with Geoghegan's 
topological notion in this paper). Theorem 10.11 for X satisfying conditions (i) and (ii) 
together was first proved by Delzant and Gromov |DelGj using harmonic maps into trees (as 
in |GroS| . |KoSlj . |KoS2j . |Sunj ). They applied their result to the problem of determining 
which hyperbolic groups are Kahler. In this paper, we consider a different approach which 
yields the more complete result Theorem IU.1I and which is more elementary in the sense 
that it only uses harmonic functions. Cousin's example |Coj of a 2-ended weakly 1-complete 
covering of an Abelian variety which has only constant holomorphic functions demonstrates 
that one cannot weaken the hypotheses to e(X) > 2. On the other hand, a slightly 
stronger version (Theorem E3} is obtained in the case in which each end separately (in 
an appropriate sense) has bounded geometry, is weakly 1-complete, or admits a positive 
Green's function G that vanishes at infinity. 

Theorem 10 . II and elementary facts from geometric group theory together give the follow- 
ing: 

Theorem 0.2. Let X be a connected compact Kahler manifold with fundamental group 
A = 7Ti (-X") satisfying at least one of the following: 

(a) (Gromov and Schoen |GroSj ) A admits a proper amalgamated product decomposition 



(i.e. A = Ti *r T 2 where the index ofT in Ti is at least 3 and the index ofT in T 2 
is at least 2 ); or 
(b) (See |NR3j ) A is a properly ascending HNN extension. 

Then some finite (unramified) covering of X admits a surjective holomorphic mapping onto 
a curve of genus g > 2. 

Remarks. 1. Conversely, if a connected compact manifold M admits a surjective continuous 
mapping onto a curve S of genus g > 2, then m(M) admits a proper amalgamated product 
decomposition. For such a decomposition exists for 7ti(S) by Van Kampen's theorem and 
one may pull this back to 7i"i(M). 

2. By considering the action of A on the associated tree and applying Theorem 0.1, one 
gets the theorem in both cases (a) and (b) simultaneously (see the proof of Theorem 15. lj) . 
On the other hand, according to a theorem of Baumslag and Shalen (see Theorem 6 of 
Chapter 4 of |Bauj ). a finitely presented group which can be expressed as a properly 
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ascending HNN extension, but not one with finitely generated base group, is virtually a 
proper amalgamated product. Thus Theorem 10.21 is actually contained within the theorem 
of Gromov and Schoen (i.e. the case (a)) together with part (ii) of Theorem IU .31 below and 
the theorem of Baumslag and Shalen. 

Theorem 10.11 and its consequences also lead to new restrictions on Kahler groups (i.e. 
fundamental groups of compact Kahler manifolds). 

Theorem 0.3. The following groups are not Kahler: 

(i) Thompson's groups V, T, and F; and 

(ii) Any properly ascending HNN extension with finitely generated base group. 

The question as to whether or not F is Kahler was first posed by Geoghegan (see |Brj ) 
and the first proof that F is not Kahler appeared in |NR4j . Since F is a properly ascending 
HNN extension with finitely generated base group, this may now be viewed as a special 
case of part (ii) of Theorem 10.31 Daniel Farley has independently obtained the result that 
V and T are not Kahler. For more on Kahler groups, the reader may refer to |Arj and 
[ABCKTj . 

Before sketching the proof of Theorem 10.11 we make some remarks which put these 
results in context and we recall the required definitions. For X a connected compact Kahler 
manifold, a natural and much studied problem is to determine when X admits a surjective 
holomorphic mapping onto a curve of genus g > 2. According to the classical theorem of 
Castelnuovo and de Franchis (see |Bej . jBarPVj), this is the case if and only if there exists 
a pair of linearly independent holomorphic 1-forms u>i, u>2 such that U\ /\uj 2 = 0. The main 
point is that the meromorphic function / = uj\/uj2 actually has no points of indeterminacy 
(this is a general fact about closed holomorphic 1-forms; see, for example, |NR2j for an 
elementary proof). Stein factorization then gives the required mapping. For some of the 
many other results in this context, the reader may refer to the work of Beauville (see 
|HatT] L |Ha7Tj . jSSj, [Smfl] . [TTroS] . |JYT] . jJY2j . HI], and |AbGKT| . 

For a connected noncompact complete Kahler manifold (X,g), the analogous problem 
is to determine when X admits a proper holomorphic mapping onto a Riemann surface. 
We will mainly consider the case in which X has bounded geometry of order k > 2 (in the 
sense that there exists a constant C > and, for each point p£l,a biholomorphism \1/ 
of the unit ball B = B(0; 1) C C n onto a neighborhood U of p in X such that ^(0) = p 
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and, on B, C~ l gc* < ty*g < Cgc?. and \D m ^*g\ < C for m = 0, 1, 2, . . . , k); the case in 
which X is weakly 1-complete (i.e. X admits a continuous plurisubharmonic exhaustion 
function); or the case in which X admits a positive Green's function which vanishes at 
infinity. As shown in |Grolj . |Gro2j . [L"j . and jNRlj . if such an X has at least 3 ends, 
then X admits a proper holomorphic mapping onto a Riemann surface. The main step is 
to produce pluriharmonic functions p\,p% which have different limits at infinity along the 
various ends and whose holomorphic differentials lo\ = dpi, u>2 = dp2 satisfy ui\ A u>2 = 0. 
In particular, 1, pi, p 2 , and hence dpi, dp 2 , are linearly independent. If u\, 0J2 are linearly 
independent, then one Stein factors the holomorphic map 

f = ^:X^F\ 

Otherwise, one gets a holomorphic function f — pi + cp2, for some constant c G C, which 
one may Stein factor. Thus it has been known for some time that the ends structure is 
relevant to the problem of finding a proper holomorphic mapping onto a Riemann surface. 

We now recall the definitions of ends and filtered ends. Depending on the context, by 
an end of a connected manifold M, we will mean either a component E of M \ K with 
noncompact closure, where K is a given compact subset of M, or an element of 

\imir (M\K) 

where the limit is taken as K ranges over the compact subsets of M (or the compact subsets 
of M whose complement M \ K has no relatively compact components). The number of 
ends of M will be denoted by e(M). For a compact set K such that M\K has no relatively 
compact components, we get an ends decomposition 

M \ K = Ei U • • • U E m , 

where E\, . . . , E m are the distinct components of M \ K. 

As in the work of Geoghegan |Gej , for T : M — > M the universal covering of M, consider 
the set 

\imn [T-\M\K)], 

where the limit is taken as K ranges over the compact subsets of M (or the compact 
subsets of M whose complement M\K has no relatively compact components). Following 
|Gej . we will call elements of the above set filtered ends. The number of filtered ends of M 
will be denoted by e(M). Clearly, e(M) > e(M). In fact, for k e N, we have e(M) > k if 
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and only if there exists an ends decomposition M \ K = E\ U • • • U E m for M such that, 
for Tj = im \ni(Ej) — > 7i"i(M)l for j = 1, . . . , m, we have 

rn 

: r,] > k. 

3=1 

Moreover, if M — > M is a connected covering space, then e(M) < e(M) with equality if 
the covering is finite. 

To illustrate some of the arguments in the proof of Theorem 10.11 let us consider the 
case in which e(X) = 2 and X admits a positive Green's function G that vanishes at 
infinity. In this case, X admits an ends decomposition X \ K = E\ U E 2 such that the 
image F of 7r 1 (£' 1 ) in tt\{X) is a proper subgroup. By standard arguments, there exists a 
pluriharmonic function p : X — > (0, 1) with finite energy such that 

lim p \-g (x) = 1 and lim p [V (x) = 0. 

X—+OC x—>oo 

In particular, X is weakly 1-complete. Taking T : X — > X to be a connected covering 
space (not the universal covering) with T^tti(X) = T, we see that T maps some component 
Qx of T _1 (i? 1 ) isomorphically onto E\ and the set ^2 — T _1 (£' 1 ) \ ^ ^ 0. Again, there 
exists a pluriharmonic function p 2 : X — * (0, 1) with finite energy such that 

lim p 2 tni ( x ) = 1 and liminf p 2 (x) = 0. 

If r is of finite index, then e(X) > 3 and hence, by |NRlj . X admits a proper holomorphic 
mapping onto a Riemann surface. Since X — > X is a finite covering in this case, X also 
admits such a mapping. If T is of infinite index, then the lift p\ = p o T does not have 
finite energy and so dpi and dp 2 must be linearly independent. On the other hand, since 
Pi and p 2 have compact levels in Q 1 over values near 1, we must have dpi A dp 2 = (see, 
for example, |NR3j . Lemma 2.1). It follows that some (nonempty) open subset of Q\ = E\ 
admits a proper holomorphic mapping onto a Riemann surface. Standard arguments now 
imply that this is the case for X. 

For the general case, we will again pass to the appropriate covering spaces. We will 
produce suitable pluriharmonic functions p\ and p 2 with prescribed values at infinity along 
filtered ends by applying the theory of massive sets as in Grigor'yan |Grij . A version of 
the cup product lemma (see Lemma 12.71 below) will give dpi A dp 2 = (Gromov |Gro2j 
was the first to notice the cup product lemma in the context of bounded geometry and 
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subsequent refinements were formed and used by others). The idea of filtered ends was 
applied in some special cases in the context of Lefschetz type theorems in |NRlj . |NR2j . 
and |NR3j . The arguments in this paper formalize this approach. 

According to a theorem of Simpson |Sim2j . if T : X — > X is a connected covering space 
of a smooth projective variety X, p is a nonconstant pluriharmonic function on X such 
that dp descends to a holomorphic 1-form a on X and such that, for any £ G C, the fiber 
F = p _1 (C) satisfies 



then there exists a surjective holomorphic mapping $ of X onto a curve K and a holomor- 
phic 1-form (3 on F with a = $*/3 (Simpson also obtains a version for a the push-forward of 
dp for a real- valued pluriharmonic function p). Simpson's result and Theorem 10.11 appear 
to be related, but neither is known to imply the other. 

Another application of Theorem IU.1[ which will be applied in the proof of part (i) of 
Theorem IU.3( is the following (cf. Theorem 13. 

Theorem 0.4. Let X be a connected noncompact complete Kdhler manifold which has 
bounded geometry of order 2 or which is weakly 1- complete or which admits a positive 
Green's function G that vanishes at infinity. Assume that e(X) > 2 and ni{X) is infinitely 
generated. Then X admits a proper holomorphic mapping onto a Riemann surface. 

This is an immediate consequence of Theorem 10. II and the following fact: 

Lemma 0.5. Let M be a connected C°° manifold such that e(M) > 2 and A = 7i"i(M) is 
infinitely generated. Then e(M) = oo. 

Proof. If e(M) = 1, then the image G of the fundamental group of some end E = M \ K 
is a proper subgroup of A. If [A : 0] = oo, then e(M) = oo as claimed. If [A : 6] < oo, 
then is infinitely generated and the finite covering M -> M with im \n x {M) A] = 
satisfies e(M) > 2 and e(M) = e(M). Thus we may assume without loss of generality that 
e(M) > 2. 

We may fix a C°° relatively compact domain Q in M such that M \ Q has exactly 
two components E' and E[, each with noncompact closure. Fix a point xq G fi, let 
r = im [Vi (O, x ) — >• 7Ti (M, x )] , and, for i — 0, 1, let Ei be the end defined by = E^Ufl 



E 



7Ti(X) : im [xi(L) — * Xi(JV)] > 1, 



L a component of F 
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and let Tj = im \n\(Ei, x ) — > 7Ti(M, Xq)]. Then r fl Ti = T (for example, by Van 
Kampen's theorem), so 

[A:r ]>[r 1 :r nr 1 ] = [r 1 :r]. 

If is finitely generated, then [A : ri] = oo because A is infinitely generated. Hence 
e(M) = oo in this case. If Ti is infinitely generated, then, since T is finitely generated, 
[Ti : T] = oo. Hence [A : T ] = oo by the above inequality and, again, e(M) = 00. □ 

We close this section with a proof that Thompson's groups V and T are not Kahler 
(part (i) of Theorem 10. 3|) . The proof that any properly ascending HNN extension with 
finitely generated base group (for example, Thompson's group F) is not Kahler (part (ii) 
of Theorem I0.3|) will be given in Section The group V is the group of right-continuous 
bijections A: [0, 1] — > [0, 1] such that A maps dyadic rational numbers to dyadic rational 
numbers, A is differentiable except at finitely many dyadic rational numbers, and A is affine 
with derivative a power of 2 on each interval on which it is differentiable. The group T is 
the subgroup consisting of all v G V such that v induces a homeomorphism of the circle 
[0, l]/0 ~ 1, and F is the subgroup consisting of all homeomorphisms in V. For the proof 
that V and T are not Kahler, we will apply the following fact: 

Lemma 0.6. If M is a connected compact manifold with fundamental group V or T , then 
there exists a connected covering M —>■ M such that e(M) = 00. 

Proof. For a subset S C [0, 1], let V5 denote the subgroup of V consisting of those elements 
whose restriction to S is the identity and let T5 = T fl V5. Applying the work of Farley 
(see Proposition 6.1 of jFj) and the work of Sageev jSj, one sees that Vjo,i/2) and 7]o,i/2) 
admit finite index subgroups G and H, respectively, such that the group pairs (V, G) and 
(T,H) are multi-ended (actually, we have G = Vj 0j i/2), since V[ ,i/2) — V and V is infinite 
and simple). Now 

00 

G C Vj ,l/2) C T = [J V[o,4-i+2-») 
n=l 

As a proper increasing union of a sequence of groups, T is infinitely generated. If m(M) = 
V, then, forming covering spaces M — > M — > M with im [7Ti(M) — > 7Ti(M)l = G and 
im [7Ti(M) -> 7r x (M)] = T, we get e(M) > e(M) > e(M) > 2. Therefore, by Lemma IH31 
we have e(M) = 00. A similar proof applies for m(M) = T. □ 
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Proof that V and T are not Kahler (part (i) of Theorem W.ty) . If X is a connected com- 
pact Kahler manifold with A = 7Ti(X) equal to V or T, then, by Lemma 10 .(SI and The- 
orem 14.11 some finite covering X' of X admits a surjective holomorphic mapping with 
connected fibers onto a curve S of genus g > 2. In particular, some finite index subgroup 
A' of A admits a surjective homomorphism onto a cocompact Fuchsian group O = 7i\(S). 
However, V and T are infinite simple groups, so it follows that A = A' = O. But any co- 
compact Fuchsian group is not simple, so we have arrived at a contradiction and, therefore, 
V and T are not Kahler. □ 



As mentioned above, Farley has independently obtained the result that V and T are not 
Kahler. In fact, he has recently shown that e(V, V[ 0) i/2)) = e(T, T[ 01 / 2 )) = oo, so one may 
obtain the desired proper holomorphic mapping onto a Riemann surface in the proof by 
applying [NRl] in place of Theorem lO.il fin his first proof, Farley applied Theorem 10. II and 
a theorem of Klein jlKlj according to which, if G is a finitely generated group, K < H < G, 
[G : H] — [H : K] — oo, and e{G, K) > 1, then e(G, H) = oo). 

Section Q contains a summary of the required facts from the theory of massive sets 
|Grij . In Section |2l we consider the required versions of the cup product lemma. Section |3] 
contains the proof of Theorem IU.1I Section 0] contains consequences for compact Kahler 
manifolds. Finally, Section contains the details of the proof of the theorem of Gromov 
and Schoen ( Theorem 10. 2|) using Theorem IU.1[ as well as a proof that a properly ascending 
HNN extension with finitely generated base group is not Kahler (part (ii) of Theorem 10. 3|) . 
Section El (which does not appear in the version submitted for publication) provides, for 
the convenience of the reader, the proof of Sario's existence theorem of principal functions 
|RSj and Nakai's construction of the Evans-Selberg potential |Nalj . |Na2j . |SaNoj . These 
facts were applied in |NRlj (and, therefore, indirectly here). However, it is difficult to find 
proofs for a general oriented Riemannian manifold in a convenient form in the literature. 



Acknowledgement. We would like to thank Misha Kapovich for bringing the work of Delzant 
and Gromov to our attention and for helping us understand the geometric group theory 
component. We would also like to thank Matt Brin, Ross Geoghegan, and John Meier 
for many helpful conversations on filtered ends and Thompson's groups. We would like to 
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1. Massive sets 



By applying the work of Sario, Nakai, and their collaborators (see |Nalj . |Na2j . |SaNaj . 
|SaNoj . |RSj . and also |LTj ) . one can produce independent harmonic functions by prescrib- 
ing limiting values along ends. This is the main fact from potential theory applied in NR1 . 
In order to produce independent harmonic functions on a manifold with a small number 
of ends, it is natural to consider massive sets (in place of ends) as studied by Grigor'yan 
|Grij . Throughout this section, (M,g) will denote a connected Riemannian manifold. 

Definition 1.1. Let U be an open subset of M. 

(a) A bounded nonnegative continuous subharmonic function a on M such that 



is called an admissible subharmonic function for U . 

(b) If there exists an admissible subharmonic function for U, then U is called massive. 

(c) If there exists an admissible subharmonic function for U with finite energy, then U 
is called D-massive. 

Remarks. 1. If M is a Kahler manifold, then a plurisubharmonic function is subharmonic. 
If a is a plurisubharmonic admissible subharmonic function for U, then we will simply call 
a an admissible plurisubharmonic function for U and we will say that U is plurimassive. 
If, in addition, a has finite energy, then we will say that U is pluri-D -massive. 
2. To say that a continuous function a has finite energy is to say that a G W^(M, g) and 



3. If M contains a proper massive subset U, then M is hyperbolic; i.e. M admits a positive 
Green's function G. Moreover, if a is an admissible subharmonic function for U, then 
Hindoo G(xj, •) = for any sequence {xj} in M such that at(xj) — > sup^ a as j — > oo. 

4. An end E C M with E ^ M is a hyperbolic end if and only if E is a massive set. In 
fact, a hyperbolic end E is D-massive. For if we fix a C°° relatively compact domain Q in 
M such that dE C Q and M\Q has no compact components and we let u : M \ Q — > [0,1) 
be the harmonic measure of the ideal boundary of M with respect to M \Q, then, for 



a = on M \ U 



and 



sup a = sup a > 

M U 
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< e < 1, the function 

{max(« — e, 0) on E \ Q 
on (M \E)UQ 

is a finite energy admissible subharmonic function for E. Observe also that, for a sequence 
{xj} in E, we have, as j — > oo, 

G(xj, •) — > -<=>- — > 1 -<=>- a ( x j) — sup a. 

M 

Proposition 1.2 (See |Grij ). Suppose U is a proper massive subset of M and a : M — > 

[0, 1) zs an admissible subharmonic function for U with sup M a = 1. Then there exists a 
harmonic function p : M — > (0, 1] u>ita tae following properties: 

(i) a < p < 1 on M; 

(ii) If M\U is massive and [3 : M — > [0, 1) is an admissible subharmonic function for 
M\U, then 0<p<l-j3onM. 

(hi) //a aas finite energy (hence U is D-massive), then p has finite energy. In fact, 

[ \dp\ 2 9 dV 9 < [ \da\ 2 g dV 9 . 
Jm Jm 

Remark. If M \ U is massive, then p is nonconstant and the maximum principle gives 
< p < 1 on M. 

Proof. We may choose a sequence of C°° domains {Q m }m=i m M such that 

oo 

Vt m d Q m+ i for m = 1, 2, 3, . . . and Q m = M. 

771=1 

For each m, let p m : Q m — > [0, 1) be the continuous function satisfying 

Ap m = in Q m and p m = a on <9fi m . 

Since a is subharmonic, we have a < p m on fi m and, in particular, on <9fi m C tt m +i, we 
have p m = a < p m+ \. Thus p m < p m+1 on fi m and hence p m f p for some harmonic 
function p : M — > (0, 1] with a < p < 1 on M. 

If (5 : M — > [0, 1) is an admissible subharmonic function for M\U, then the superhar- 
monic function 1 — (3 satisfies, for each m — 1,2,3, ... , 

p m = a = 0<l— /Son (<9f2 m ) \ U and p m = a<l = l— (3 on (<9fi m ) PI U. 

It follows that p m < 1 — (3 on fi m and hence 0<p<l— /5on M. 
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Finally, suppose a has finite energy. Then, since harmonic functions minimize energy, 
we have, for each m, 

[ \d Pm \ 2 g dV 9 < [ \da\ 2 g dV g < [ \da\]dV g . 

J Vim Jflm JM 

Therefore, since dp rn — > dp uniformly on compact sets, we get 



/ \dp\]dV g < [ \da\ 2 g dV g . 

JM JM 



□ 



2. Special ends and the cup product lemma 
It will be convenient to have the terminology contained in the next two definitions. 

Definition 2.1. Let S be a subset of a complex manifold X of dimension n. 

(a) For g a Hermitian metric on X and k a nonnegative integer, we will say that (X, g) 
has bounded geometry of order k along S if, for some constant C > and for every 
point p G S, there is a biholomorphism \1> of the unit ball 5 = B(0; 1) C C" onto 
a neighborhood of p in X such that ^(0) = p and, on B, 

C^gcn <ty*g <Cg C n and \D m ^*g\ < C for m = 0, 1, 2, . . . , k. 

(b) We will say that X is weakly 1-complete along S if there exists a continuous plurisub- 
harmonic function (p on X such that 

{x G S | (p{x) < a} m X VaGR. 
Remark. Both (a) and (b) hold if S <<= X. 

Definition 2.2. We will call an end E C X in a connected noncompact complete Kahler 
manifold (X, g) special if E is of at least one of the following types: 
(BG) (X, g) has bounded geometry of order 2 along E; 
(W) X is weakly 1-complete along E; 
(RH) E is a hyperbolic end and the Green's function vanishes at infinity along E; or 
(SP) E is a parabolic end, the Ricci curvature of g is bounded below on E, and there 
exist positive constants R and S such that 

vol (B(p; R)) >5 VpeE. 
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An ends decomposition for X in which each of the ends is special will be called a special 
ends decomposition. 

Remarks. 1. (BG) stands for "bounded geometry," (W) for "weakly 1-complete," (RH) for 
"regular hyperbolic," and (SP) for "special parabolic." 

2. A parabolic end of type (BG) is also of type (SP). 

3. If E and E' are ends with E' C E and E is special, then E' is special 

4. For our purposes, it is generally enough to replace the condition (BG) by the condition 
that E is a hyperbolic end along which (X, g) has bounded geometry of order 0. However, 
we then lose the condition described in Remark 3 above and so the existence of a special 
ends decomposition is no longer determined by the set of ends lim7r (X \ K). 

Lemma 2.3. Suppose (X,g) is a connected complete Kahler manifold with an ends de- 
composition 

X\K = E 1 UE 2 U---UE m ; 

where m > 2, E% is a special end of the type (W), (RH), or (SP) in Definition \2.£\ and, 
for j = 2, 3, ... ,m, Ej is a hyperbolic or special end. Then X is weakly 1-complete along 
Ei (i.e. Ei is of type (W)). 

Proof. We may arrange E 2 , . . . , E m so that, for some k with 1 < k < m, E 2 , . . . , E k are ends 
of type (W) and E k+ i, . . . , E m are ends which are not of type (W). We set E' = E 2 U- ■ - UE k 
and E" = E k +i U • ■ ■ U E m . We have a continuous plurisubharmonic function (p : X — > R 
such that {x G E' \ (f(x) < a } <<= X for each a G R and, by fixing a domain Q with 
K C Q <s X and replacing ip with the function 

{m&x(ip — max ip — 1,0) on E' \ Q 
n 
on tt U (X \ E') 

we may assume that <p > on X and p = on the connected set 

n U (X \ E') = U Ei U E". 

By a theorem of |Nkj and |Demj . the component Y of { x G X | p(x) < 1} containing 
Q U (X \ E') admits a complete Kahler metric h such that h = g on a neighborhood of 
Q U (X \ E') (one must modify their proofs slightly since the associated plurisubharmonic 
function — log(l — p) exhausts Y at the compact boundary dY but not entirely along Y). 
Thus E' fl Y is a union of ends of Y of type (RH) and hence we may assume without 
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loss of generality that E 2 , . . . , Ek are of type (RH) (as well as type (W)). Thus, for each 
j — 2, . . . , m, Ej is hyperbolic or Ej is of type (SP). If E\ is of type (SP), then Theorem 2.6 
of |NRlj (which is contained implicitly in the work of Sario, Nakai, and their collaborators 



|Nalj . |Na2j . [SaNaj . |SaNoj . |R,Sj together with the work of Sullivan |Sulj ) provides a 
pluriharmonic function p : X — > M such that lim^oop |jj (x) = oo. In particular, E\ is 
of type (W) in this case. Thus we may assume that E\ is of type (RH). Moreover, if, for 
some j with k + 1 < j < m, Ej were of type (SP), then X would be weakly 1-complete 
along Ej and hence Ej would have been included in E' . Therefore, E k+ i, . . . , E m must be 
hyperbolic ends. 

Thus we have hyperbolic, and therefore D-massive, ends Ex, ... , E m with m > 2 and E\ 
is of type (RH). By Remark 4 following Definition II .1| there is a finite energy admissible 
subharmonic function a : X — > [0, 1) for E\ such that 

lim a \g (x) = 1 

x— >oo 

and, applying Proposition 11.21 (X \ E^ D E'VJE" is massive), we get a finite energy harmonic 
function p : X — > (0, 1) such that a < p < 1 on X. The Gaffney theorem |Gaj implies that 
p is pluriharmonic and we have 

1 > p(x) > a(x) — >• 1 as x —>■ oo in E\. 

Therefore X is weakly 1-complete along E\ (with plurisubharmonic function — log(l — p) 
exhausting E\) in this well. 

□ 

As described in the introduction, the main goal of this paper is to obtain a filtered ends 
version of the following: 

Theorem 2.4 ( [HroT] . [Ej, [Hro2] . and Theorem 3.4 of [NRT] l // (X,g) is a connected 
complete Kdhler manifold which admits a special ends decomposition and e(X) > 3, then 
X admits a proper holomorphic mapping onto a Riemann surface. 

The following lemma is well known (see, for example, the proof of Theorem 4.6 of |NR,lj ): 

Lemma 2.5. Let (X,g) be a connected complete Kdhler manifold which is compact or 
which admits a special ends decomposition. If some nonempty open subset of X admits a 
surjective proper holomorphic mapping onto a Riemann surface, then X admits a surjective 
proper holomorphic mapping onto a Riemann surface. 
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Lemma 2.6 (See Lemma 2.1 of NR3 ). Let p\ and p 2 be two real-valued pluriharmonic 
functions on a connected complex manifold X . If pi has a nonempty compact fiber, then 
dpi A dp2 = on X. Furthermore, if the differentials dpi and dp 2 are (globally) linearly 
independent for some such pair of functions, then some nonempty open subset of X admits 
a proper holomorphic mapping onto a Riemann surface. 

Remark. Two real-valued pluriharmonic functions p\ and p 2 on a connected complex man- 
ifold have linearly dependent differentials dpi and dp 2 (i.e. 1, p\, p2 are linearly dependent 
functions) if and only if dpi A dp 2 = 0. 

Lemma 2.7. Let (X,g) be a connected complete Kdhler manifold and let pi and p 2 be 
two real-valued pluriharmonic functions on a domain Y C X . Assume that, for some 
constant a with inf pi < a < sup p\, some component Qof{xEY\a< p\(x) } has the 
following properties: 

(i) H C Y; 

(ii) \dpi\g is bounded on Q; and 

(iii) J n \dpj\ 2 g dV g < oo for j = 1,2. 

Then dpi A dp 2 = onY . 

Furthermore, if dpi and dp 2 are linearly independent and (X, g) has bounded geometry 
along Q, then Q admits a proper holomorphic mapping onto a Riemann surface. 

Remark. In this paper, we will only need the fact that some nonempty open subset of Q 
admits a proper holomorphic mapping onto a Riemann surface. 



Proof of Lemma "WTi We may assume without loss of generality that p\ and p 2 are non- 



constant. We denote the Levi form of a C 2 function (p by 



n <9 2 



The Hermitian tensor 



h = g + £(- log(pi - a)) = g + (p 1 - a) dp^pi 
is a complete Kahler metric on Q with h > g (see |Nkj or jDemj). Moreover, on Q, we have 
\d Pl \ 2 h = [l+(p 1 -a)- 2 \d Pl \ 2 g ]- 1 \dp 1 \ 2 g , dV h = [l + { Pl -a)- 2 \d Pl \ 2 g ]dV g) and \dp 2 \ 2 < \dp 2 \ 2 g . 
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For g = h at any point p G Q where (<9pi) p = while, at any point p G Q where (dpi) p ^ 0, 
one may get the above by writing g and h in terms of a g-orthonormal basis ei, . . . , e n for 
Tp'°Q with dual basis 

e* = - - - , e*. 

In particular, we have 

|9 Pl |^= |9 Pl |^ 

and hence p\ \q has finite energy with respect to h as well as g. 
Following [Gro2j, we consider the closed holomorphic 1-forms 

atj = dpj = Pj + i'jj for j = 1,2, 

where 

Pi = \( d Pi + dPi) = \ d Pj and 7j = 7^(<% - dPj) = \ dC Pj 

are closed real 1-forms (since pj is pluriharmonic) for j = 1,2. Thus we get a closed 
holomorphic 2-form 

«i A a 2 = T] + i8 

on Y where 

7] = (3i A (3 2 - 7i A 72 and = /3 a A 7 2 + 71 A (3 2 
are closed real 2-forms. Moreover, ot\ A 02 is in L 2 with respect to h on f2 because 

|ai Aa 2 \ 2 h dV h < \ai\ 2 h \a 2 \ 2 h dV h = \dp^\ 2 h \dp 2 \ 2 h dV h = \dp2\l\dp1\ldVg < \dp 2 \ 2 g \dpi\ 2 g dV g 

while is bounded on Q and /?2 fn is of finite energy with respect to g. Furthermore, 

the closed form a± A a 2 is harmonic with respect to the complete Kahler metric h (and g) 
because d^{a\ A a 2 ) = (since ai A a 2 is of type (2, 0)) and d(a.\ A a 2 ) = 0. Therefore 

d(ai A a 2 ) = dr] = dO = and cf£(ai A a 2 ) = d* h r] = d* h 9 = 

[1? harmonic forms are closed and coclosed by the Gaffney theorem |Gaj ) . 

For each R > 0, let ipn : Q — > (0, -R] and t/># : O — > [— -R, -R] be the bounded locally 
Lipschitz functions given by, for each x G Q, 

<Pr(x) = j min(pi(x) - a, i?) 
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-R ifp 2 {x)<-R 



^r(x) 



--p 2 {x) if -R<p 2 (x) <R 
--R iip 2 (x)>R 



Since pi and p 2 are nonconstant pluriharmonic functions, the sets { x G Y \ pi(x) = a + R } 
and { x G Y | |yo 2 (^) | = R } are sets of measure and we have 

1 



and 



R 



-dpi on { x G £1 | p\ (x) < a + R } 
on {x G Q | pi(x) > a + R} 



--dp 2 on {x G Q | \p 2 (x)\ < R} 
on {x G Q | \p 2 (x)\ > R} 



Thus 



and 



Pi A 72 = -dpi A 72 = d[-pi7 2 ] = rf[^R72] when pi < a + R 



7i A P 2 = 7i A ^dp 2 = 4 _ 7^27i] = c#r7i] wnen \Pi\ < R - 
Moreover, (p R ^y 2 is in L 2 with respect to h on because 

\<PRi2\ 2 h dv h < <p 2 R \d P2 \ 2 h dv h < <p 2 R \d P2 \ 2 g dv h = <p 2 R \d P2 \ 2 g (i + ( Pl - a y 2 \d Pl \ 2 g )dv g 
= + ^(pi - «)- 2 |a Pl |2)|ap 2 |2^ < (,r 2 + |a Pl |j)!c>p 2 |2rfv^ 

while \dpi\g is bounded on Q and p 2 has finite g-energy. The form ipRli is also in L 2 
with respect to h because \ip R \ < R and pi \n has finite energy with respect to h (as well 
as g). Thus the form \ R = (pRj 2 + ipR^i is in L 2 with respect to h on Q and, as R — > oo, 
converges pointwise to A = |(pi — a)7 2 — |p27i- 
Moreover, dA B — > rfA = in L 2 with respect to /i as R — > oo. For dA R = when we have 
both px < a + R and |p 2 | < R, so rfA fi — > 9 pointwise as R — > oo. We also have (almost 
everywhere) 

|dAfl|h < |d<p R A 7 2 |h + \dip R A 71 1 ft < \dip R \ h \~f 2 \ h + |#fl|ft|7i| ft < |A|fc|72|h + I&UItiU 
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and the last expression is in L 2 with respect to h (by an argument similar to that showing 
that a±Aa 2 is in L 2 with respect to h). Thus the Lebesgue dominated convergence theorem 
gives the claim. 

By the Gaffney theorem |Gaj . we get 

0= f (0,X R ) h dV h = [ (d* h 9,X R ) h dV h = [ (9,dX R ) h dV h ^ [ \9\ 2 h dV h 
Jn Jn Jn Jn 

as R — > oo. Thus 9 = on Q and hence, since cti A a 2 = V + i& is a holomorphic 2— form, 

we get «i A «2 = on f2 and, therefore, on Y . 

Assuming now that dpi and dpi are linearly independent and that (X, g) has bounded 

geometry along Q, the arguments in |Gro2j . |ArBRj (see also Chapter 4 of [AB CKT] ). 

together with some easy observations, give the required proper holomorphic mapping of 

Q onto a Riemann surface. For the convenience of the reader, we include a sketch of the 

arguments. 

We may assume n = dimX > 1. Because we have «i A a 2 = dpi A dp 2 = 0, the 
meromorphic function ^ : Q — > P 1 is actually a holomorphic map (i.e. oi\/a 2 has no points 
of indeterminacy). If this function is equal to a constant (, then p\ — (p 2 is a nonconstant 
holomorphic function on Q. In any case, we get a nonconstant holomorphic map / : Q — ► P 1 
such that pi and p2 are constant on each level of /. In fact, / is locally constant on the 
(complex) analytic set 

A = {x E Q, | {a x ) x = (a 2 ) x = 0} 

and the levels of / \n\A are precisely the (smooth) leaves of the holomorphic foliation 
determined by a\ and a 2 in tt\A (see, for example, |NR2] . pp. 387-388). If L is a level of 
/, then pi is equal to a constant t on L with a < t and L C Q C Y . It follows that LcO 
(since f2 is a component of { x G Y \ pi(x) > a }) and hence that L = Znfi = L. Thus L 
is closed as an analytic subset of X. 

The coarea formula for the map $ = (p 1; p 2 ) : — > M 2 gives us 

/ vol 9t (®- 1 (t 1 ,t 2 ))dt 1 Adt 2 = / \dpx Adp 2 \gdV g < oo. 

Hence vol ($ _1 (t)) < oo for almost every point t G M 2 . Thus we may fix a regular value 
to in the interior of $(0), with i i n the complement of the countable set <&(A), such 
that vol ($ _1 (to)) < oo. Since $ is constant on each leaf of the foliation in Q \ A and 
$ _1 (t ) C fi \ A is a C°° submanifold of Q (not just Q\A) with dim M $ _1 (t ) = 2n - 2, 
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we see that a component Lq of $ _1 (to) is a leaf of the foliation in fl \ A, Lq is closed in X, 
and Lq is a level of /. 

Since (X,g) has bounded geometry along fl, Lelong's monotonicity formula (see 15.3 in 
|Chij ) shows that there is a constant C > such that each point pefi has a neighborhood 
Up in X such that diamx^p < 1 and vol (D D U p ) > C for every complex analytic set D 
of pure dimension n — 1 in X with p £ D. Therefore, since L has finite volume, L must 
be compact. Thus / : fl — > P 1 has a compact level L C fl. 

It follows that the set V = { x G fl \ x lies in a compact level of / } is a nonempty open 
subset of fl. To show that V is also closed relative to fl, let Vq be a component of V, let 
{xj} be a sequence in Vo converging to a point p G V fl fi, and, for each j, let Lj C V 
be the compact level of / through Xj. Stein factoring / [y o , we get a proper holomorphic 
mapping \& : Vo — > with connected fibers of Vq onto a Riemann surface VF. We may 
choose each Xj to lie over a regular value of / and of Applying Stokes' theorem as in 
jStoj . we see that vol (Lj) is constant in j and so the above volume estimate implies that, 
for some R ^> 0, we have Lj C B(p; R) for j = 1, 2, 3, ... . On the other hand, by jStej 
(see |TWj and Theorem 4.23 in ABCKTJ), a subsequence of {Lj} converges to the level L 
of / through p. So we must have L C B(p; R) fl fl and hence, since L is a closed analytic 
subset of X, L must be compact. Thus p G V fl V and, therefore, p G V . It follows that 
V = Vq = Q. Thus every level of / is compact and we get our proper holomorphic map 
* : fl -f W. □ 

3. Filtered ends and mappings to Riemann surfaces 

Theorem 10. II is an immediate consequence of the following theorem which will be proved 
in this section: 

Theorem 3.1. If (X,g) is a connected complete Kdhler manifold which admits a special 
ends decomposition and e(X) > 3, then X admits a proper holomorphic mapping onto a 
Riemann surface. 

We first consider two lemmas which will allow us to replace special ends of type (W) 
with special ends of type (RH). 

Lemma 3.2. Let M be a connected noncompact C°° manifold and let fcGN. 
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(a) Given an end E in M with [Vi(M) : im [iri(E) — > 7Ti(M)]] > k, there exists a 
compact set D C M such that, ifQ is a domain containing D, then QC\E is an end of 
Q and, for any end FofVt contained in E, we have [7Ti (O) : im [tti(F) — > 7Ti(0)] ] > 
k. 

(b) If e(M) > k, then there exists a compact set D C M such that, for every domain 
Q containing D, we have e(Q) > k. 

Proof. For the proof of (a), we fix a point x G E and a finite set A of k loops in M based 
at x Q such that, if a, (5 G ^4 and the product loop * a is homotopic to a loop in E, then 

o 

a — p. We may now choose a compact set D C M such that D contains 5F, D contains 
the image a([0, 1]) of each loop a G A, and DDE is path connected (for example, choosing 
a C°° relatively compact domain U in M such that <9F U UaeA a ([0' 1]) c ^> we ma y ^ 
D be the union of U with the images of finitely many paths in E joining the boundary 
components of U contained in E). 

Suppose Vt is a domain containing D and \ K — F 1 U • • • U F m is an ends decomposition 
for f2 with F — F± G E. The intersection f2 fl F is connected. For a path in f2 with 

o 

endpoints mild E which leaves E must meet D D D D dE. Hence the segments between 
the endpoints and the first and last points in D together with a path in D fl E joining 
these first and last points yields a path mil (IE between the endpoints. Thus f2 fl E is an 
end of Q. In particular, we may fix a point y$ G F and a path A in Q fl E from xq to yo, 
and we may let B be the finite set of loops in given by B = { A -1 * a * \ \ a E A}. If 
a, /3 G A and [A -1 * (3 * A] -1 * [A -1 * a * A] is homotopic in to a loop in F, then * a 
is homotopic in X to a loop in E and hence a — (5. Thus 

[7n(ft) : im [tti(F) - 7n(fi)]] > #5 = #A = fc. 

For the proof of (b), we fix positive integers ki, . . . , k m G N and an ends decomposition 
M\K = E x U • • • U E m such that [tt^M) : im [ir^EA -> vr^M)]] > fc, for each j = 
l,...,m and J^/cj > fc. By (a), we may choose a compact set D C M such that, if 
O is any domain containing D and 1 < j < m, then Fj — Ej fl Q is an end of f2 and 
[tti(Q) : im [ti^F,-) -»• 7Ti(ft)]] > kj. The claim now follows. □ 

Lemma 3.3. Let (X,g) be a connected complete Kahler manifold, let E be a special end 
of type (W) in X, let k, I G N with e(X) > k and [n^X) : im [tti(F) -> vr^X)]] > Z, and 
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let D be a compact subset of X. Then there exists a domain X' in X, a complete K abler 
metric g' on X' , and an ends decomposition X' \ K — E U E\ U E 2 U • • • U E m such that 

(i) (X \ E) U D C E Q ; 

(ii) On E , g' = g; 

(iii) For each j = l,...,m, Ej is a special end of type (RH) and (W) satisfying 
[ir x {X) -.mi^iEj) ^ ir x {X)]]>l; 

(iv) e(X') > k. 

Proof. By Lemma I3.2[ we may assume without loss of generality that D is connected; 
dE C D; and, if Q is any domain in X containing D, then e(Q) > k, fl fl E is an end of fl, 
and, for any end F of fl contained in E, we have [vri(f2) : im [vri(F) — >• 7Ti(f2)]] > /. 

By hypothesis, there exists a continuous plurisubharmonic function ip on X which 
exhausts E. For constants r\ and r 2 with max^j/) < n < f2, the component X' of 
{ a; G -E | < r 2 } U (X \ E) containing the connected set (X \ E) U D admits a com- 
plete Kahler metric g' such that g' = g on [{ x G E \ ip(x) < r\ } U (X \ E)\ fl X' (see (Nkj , 
|Demj ) . Since ip — > r 2 at 9X', the component Eq of { x G -E | -^(x) < ri }U (X\i?) contain- 
ing (X\E)UDis contained in X' and the set K = X' \ [E Q U { x G E n X' | ^0) > ri }] 
is compact. Furthermore, by the maximum principle, the components E\,... ,E m of the 
nonempty set { x G EC\X' \ ip(x) > r\ } are not relatively compact in X'. Thus the domain 
X' and the ends decomposition X' \ K — E U • • • U have the required properties. □ 

Several cases of Theorem 13.11 are contained in the following: 

Lemma 3.4. Let (X, g) be a connected complete Kahler manifold which contains a special 
end E and suppose that X \ E contains two disjoint massive subsets U\ and U 2 of X such 
that U\ is D -massive or U% has an associated C°° admissible plurisubharmonic function 
(i.e. U\ is C°° pluri-massive) . Then some nonempty open subset of E admits a proper 
holomorphic mapping onto a Riemann surface. 

Remark. Lemma IH .41 remains true if we allow the admissible plurisubharmonic function for 
JJ\ to be only continuous. However, it is then harder to produce a complete Kahler metric 
on a sublevel and we will only need the C°° case. 

Proof of Lemma \3.J\ We first observe that we may assume without loss of generality that 
E is a C°° domain and E' — X \ E is connected (i.e. E' is an end). For we may choose a 
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C°° relatively compact domain such that BE C and such that X \ has no compact 
components, and we may replace E with a component of E \ 0. Observe also that £" is 
then a massive, and therefore hyperbolic, end. 

Next, we observe that we may assume without loss of generality that E is a hyperbolic 
end of type (BG) or type (RH). For, if E is of type (W), then we may apply Lemma 1.1 HI 
and work on a suitable subdomain in place of X. If E is of type (SP) (for example, if E is 
parabolic of type (BG)), then, by Lemma 1231 E is also of type (W) and the above applies. 

Since E is a hyperbolic end, there exists a finite energy admissible subharmonic function 
ckq : X — *■ (0, 1) for E such that ao( x j) ~ y 1 as j ~> 00 whenever {xj} is a sequence in E 
such that G(xj, •) — > as j — > oo; where G is the Green's function on X (see Remark 4 
following Definition I l.lj) . Applying Proposition II .2^ we get a finite energy harmonic, hence 
pluriharmonic, function pi : X —* (0, 1) such that «o < p\ < 1 on X and, for any 
admissible subharmonic function j3 : X — > [0, 1) for < p\ < 1 — /3 on X. In particular, 
Pi(xj) — > 1 = sup pi whenever {a;.,} is a sequence in i£ such that G(xj, ■) — > as j — > oo. 
We will produce a second pluriharmonic function and apply Lemma l2.(il and Lemma (2.71 
Toward this end, we fix a constant a with maxg^ pi < a < 1 and a component Q of 
{ a; G X | a < p 1 (x) } contained in E. 

We have admissible subharmonic functions ot\ and «2 for U\ and t/2, respectively, such 
that sup ax = sup a 2 = 1 and such that «i is of finite energy or a\ is C°° plurisubharmonic. 

Assuming first that a\ has finite energy (U\ is D-massive), we may apply Proposition 
to get a finite energy pluriharmonic function p 2 : X — > (0, 1) such that a% < p 2 < 1 on X 
and, for any admissible subharmonic function /3 : X — > [0, 1) for X \ Ui, < p 2 < 1 — /3 on 
X. The functions 1, pi, and p 2 are then linearly independent on X. To see this, suppose 
ai, a 2 , a 3 G R with aipi + a 2 p 2 + a 3 = 0. Choosing a sequence {x^} in [7 2 with a 2 (xj) — > 1 
as j — * 00, we get 

< pi(xj), p2(xj) < 1 — «2(^i) — > as j — >• 00 

and it follows that a 3 = 0. Taking a sequence {xj} in Z/i with eei(xj) — > 1 as j — > 00, we 
get 

1 > p 2 (xj) > aci(xj) — > 1 and < pi(xj) < 1 — «i(xj) — >■ as j — > 00 

and it follows that a 2 = 0. Thus aipi = and hence at = 0. In this case, we also set 
Y = X and h = g. 
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If a.i is C°° and plurisubharmonic (JJ\ is C°° pluri-massive) , then we fix a connected 
compact set H such that 

BE C H and maxa; > for % = 0, 1, 2. 

Fixing 6 with max# oti < 6 < 1, we see that the component Y of {x E X \ cti(x) < b} 
containing H admits the complete Kahler metric 

h = g + C(— log(6 — oti)) = g + (b — ai)^ 1 £(cti) + (b — oii)~ 2 daidaii 

> g + (b — ai)~ 2 daidai > g 

(see jNkj . jDemj). We have Q C E C E C F, sup y a* > sup^aj > for z = 0,1,2, 
and /i = g on 7 \ (7i D i?U (£7" 2 H F). Thus, with respect to (F, /i), a [y is a finite 
energy admissible subharmonic function for E, a\ |Y is a C 00 admissible plurisubharmonic 
function for JJ\ fl Y, and a 2 fy is an admissible subharmonic function for U 2 H F. Applying 
Proposition 11.21 we get a finite /i-energy harmonic, hence pluriharmonic, function p 2 : 
F — > (0, 1) such that «o < ft < 1 on F and, for any admissible subharmonic function 
(3 : Y — > [0, 1) for F \ < p 2 < 1 — P on V. To see that the functions 1, pi \y, and p 2 
are linearly independent, suppose ai,a 2 ,a 3 G R with aipi + a 2 p 2 + % = 0. Choosing a 
sequence {x,,} in U 2 fl F with a 2 (xj) — > sup y a 2 as j — > oo, we get 

< Pi(xj), p 2 (xj) < 1 — (a 2 (xj)/ supa 2 ) — > as j — > oo 

y 

and it follows that 03 = 0. Here, we have used the fact that the function given by 

{a 2 / sup a 2 on U 2 fl F 
onI\(f/ 2 fl F) 

is an admissible ^-subharmonic function for U 2 fl F C X \ E in (X, g) (which is the case 
because g — h on U 2 H F, (7 2 n <9F = 0, and a 2 = on X \ f/ 2 ). Taking a sequence {xj} 
in C/i fl F with — > £0 € <9F as j — ► 00, we get 

< p 2 (xj) < 1 — b~ a\{xj) — > and Pi(xj) — > Pi(^o) > as j — > 00 

and it follows that a x = 0. Thus a 2 p 2 = and hence a 2 = 0. 

If the end E is of type (RH), then, for any c with a < c < 1 = sup n pi, the fiber 
Pi (c) fl Q of pi |~n is compact. Thus, in either of the above cases, Lemma I2~fi1 implies 
that some nonempty open subset of Q C E admits a proper holomorphic mapping onto a 
Riemann surface. 
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Suppose the end E D Q is of type (BG). We have, in either case, h = g on E. Thus 

/ \dpi\ 2 g dV g < I \dpi\ 2 g dV g < oo and / \dp 2 \ 2 dV g = / | dp 2 \ I dV h < oo. 
Jn Jx Jo, Jn 

Moreover, the L 2 /L°° comparison for holomorphic 1-forms on a bounded geometry Kahler 
manifold shows that \dpi\ g is bounded on E D Q. Lemma now gives the lemma in this 
case as well. □ 

For the proof of Theorem 13.11 we will consider the cases of e(X) > 2 and e(X) = 1 
separately. 

Lemma 3.5. Let (X,g) be a connected complete Kahler manifold which admits a special 
ends decomposition. Assume that e(X) > 2 and e(X) > 3. Then X admits a proper 
holomorphic mapping onto a Riemann surface. 

Proof. By Lemma 123} it suffices to find a nonempty open subset of X that admits a proper 
holomorphic mapping onto a Riemann surface. 

If e(X) > 3, then Theorem 12.41 provides the required proper holomorphic mapping to a 
Riemann surface. 

If e(X) = 2, then there exists a special ends decomposition X \ K = E\ U E 2 where E\ 
and E 2 are C°° domains with K = dE\ = dE 2 and, for some point x G Ei, the image T 
of iri(Ei,x ) in 7ii(X, x ) is a proper subgroup. We may assume without loss of generality 
that, for j = 1, 2, Ej is a hyperbolic special end (of type (BG) or (RH)). For if Ej is of type 
(W), then we may apply Lemma f3.3[ while, if Ej is of type (SP), then, by Lemma 12. 3| Ej 
is also of type (W). Finally, a parabolic end of type (BG) is also of type (SP). 

Applying Proposition 11.21 and Remark 4 following Definition 11.11 we get a finite energy 
harmonic, hence pluriharmonic, function p : X — > (0, 1) such that limsup^^p |V (x) = 
1, liminf^oop |V (x) = 0, and lim^oo p(xj) = 1 (lim^oo p(xj) = 0) for any sequence 
{xj} in Ei (respectively E 2 ) such that G(xj, ■) — >• as j ' ^ oo. We may choose a connected 
covering space T : X — > X such that, for some point yo G X, we have T*7Ti(X, yo) = T. 
Thus T maps the component E of E\ — T^ 1 (E\) isomorphically onto E\ and, since T is a 
proper subgroup, E\ \ E ^ 0. Since E\ is a C°° domain, loops in a small neighborhood of 
Ei homotop into E\. So T maps a neighborhood of E isomorphically onto a neighborhood 
of E\. Thus E is a hyperbolic special end in (X,g = T*g). Fix constants a and b with 

< a < min p < max p < b < 1 . 

K=dE 1 =dE 2 K 
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«2 = 



In X, 

' max(p o T - b, 0) on U 2 = E~i \ E 
onX\U 2 

is an admissible plurisubharmonic function for U 2 = E\ \ E. Choosing a C°° function 
X : K -> K such that x' > 0, x" > 0, x(t) = for t < 1 - a, and > for t > 1 - a, 
we get a C°° admissible plurisubharmonic function 

x(l-poT) onU 1 = T-\E 2 ) 

on X \ Ux 

for U% = T _1 (£ , 2 )- Applying Lemma l3.4[ we get a proper holomorphic mapping of a 
nonempty open subset of E = E\ onto a Riemann surface; as required. □ 

Proof of Theorem \S.l[ By Lemma l3.5j it remains to consider the case e(X) = 1. The 
manifold X is itself a special end in this case, so we have an ends decomposition X\K — E\ 
such that E\ is a C°° domain and, for a point x G E\, Y = im [7r 1 (_E , 1 , x ) — > 7Ti(X, x )] 
is of index > 3. We may fix a connected covering space T : X —> X and a point y$ £ X 
such that T >t 7r 1 (X, y ) = T- Hence T maps the component E oi Ei = T^ 1 (Ei) containing 
?/o isomorphically onto E\ and, since #T _1 (xo) = [7Ti(X, x ) : T] > 3, we have E\ \ E ^ 0. 
Again, since i?i is a C 00 domain, T maps a neighborhood of isomorphically onto a 
neighborhood of i?i and hence E is a special end in (X,g = T*g). 

We may again assume without loss of generality that X (and hence any end in X) is 
hyperbolic of type (BG) or (RH). For if X is of type (W), then we may apply Lemma f3. 31 
If X is of type (SP), then E is a special end of type (SP) in X and any other end in X 
is either a hyperbolic end or a special end of type (SP). Therefore, by Lemma 12.31 there 
exists a continuous plurisubharmonic function ^ on X which exhausts E and hence the 
function 



max(ijj o (T \e) 1 ,max-0) on E\ 

dE 

max^ on K 

dE 



is a continuous plurisubharmonic exhaustion function on X and the above applies. Finally, 
if X is parabolic of type (BG), then X is of type (SP) and the above applies. Thus we 
may assume without loss of generality that X is hyperbolic of type (BG) or (RH). 

In particular, Ex is D-massive and there is a finite energy admissible subharmonic func- 
tion (5 : X — > [0, 1) for Ex in X such that f3{xj) — > 1 as j — > oo for any sequence {xj} in 
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Ei with G(xj, ■) — > as j ' —>■ oo. It follows that E is .D-massive in X with finite energy 
admissible subharmonic function 

f o T on £ 

j onI\£ 

and Ei \ E is massive in X with admissible subharmonic function 

P o T on \ £ 

on X \ (Ei \ E) 

Applying Proposition II. 2^ we get a finite energy harmonic, hence pluriharmonic, function 
pi : X — ► (0, 1) such that /3oT<p 1 <lon£' and such that, for any admissible 
subharmonic function 7 : X — > [0, 1) for X \ i?, we have < pi < 1 — 7 on X. 

Fix constants to ; ti, and £2 with maxgepi < ^2 < ^i < < 1 an d a C°° function 
X : R -> R such that x' > 0, x" > 0, x(t) = if t < t 2 , and x(0 = (* - - *i) if 

t > t . Thus 

fx(pi°(T on Ex 

[ onI\£ 1 

is a finite energy C°° admissible plurisubharmonic function for E\ which is pluriharmonic 

on { x G X j /3(x) > t }. For we have, on E x , 

\d x ( P io(T \ E )-% = x '(pio(r hy^dpiliocr \B)- 1 <0.-ti)- 1 \d Pl \ i o('r Ie)- 1 

and pi has finite ^-energy, so x{pi Is) -1 ) has finite ^-energy. If {xj} is a sequence in 
Ei with G(xj, •) — > as j — > 00, then 

1 > x (pi((t rs)- l fo))) > x(0(*i)) - x(l) = 

so x(pi((T r^)" 1 ^))) - I- Finally, 

l>Pi>x(Pi) (>x(/9oT)) onE, 

so the relation pi > (3 o T on E is preserved if we replace f3 with Thus we may assume 
that p = X {pi o (T \ E )~ 1 ) on E\. 

If [/ is any component of E\ = T _1 (£'i), then the function 

P o T on £/ 

on X \ U 
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is a C°° admissible plurisubharmonic function for U (with finite energy if U — > E\ is a finite 
covering). Therefore, if E\ has at least 3 components, then Lemma [3.41 provides an open 
subset of E = Ei which admits a proper holomorphic mapping onto a Riemann surface. 
If Ei has exactly two components E and E' and E' — > J5i is a finite covering, then we see 
that X — * X is a finite covering and X has the special ends decomposition X\K = EUE', 
where K = T _1 (i^). Thus e(X) = e(X) > 3 and e(X) > 2, and therefore, by Lemma f3. 51 
X admits a proper holomorphic mapping : X — > S with connected fibers onto a Riemann 
surface S. The pluriharmonic function pi descends to a pluriharmonic function r on S. 
Hence any component of { x G X \ p\{x) > maxg^pi} contained in E = Ei admits a 
proper holomorphic mapping onto a component of { ( G S \ t(() > maxgE P\ }• 

Thus it remains to consider the case in which E\ = T^ x (Ei) has exactly two components 
E, E' and E' — > E\ is an infinite covering (i.e. \k\(X, xq) : T] = oo). We have the finite 
energy pluriharmonic function pi : X — > (0, 1) with 

/3oT<pi<lonE and < p x < 1 - 7 

for every admissible subharmonic function 7 : X — > [0, 1) for X \E. By construction, for 
some constants £o> an d ^2 with maxgE pi < t 2 < t\ < t < 1, we have on E 

{0 on {x e E \ pi{x) <t 2 } 
on { x G £ I Pl (x) > t } = { x G £? | (3{T{x)) > r } 

where r = (t — ti) / (1 — ti). We will produce a second pluriharmonic function and apply 

Lemma f2. 61 and Lemma \2. 71 Lifting, we get C°° admissible plurisubharmonic functions 

(f3oT onE i ( f3 o T on E' 

a = < ^ and a = { ^ 

\ onX\E [ onX\E' 

for E and E', respectively. Moreover, a has finite energy, a' has infinite energy, and 

a = — — on { x G X | ct(x) > r } 

1 — ti 

and 

, Pio(T ^)" 1 oT-t 1 f , n , 

a = on {x e X \ a (x) > r \. 

1 — ti 

Let V = {x G X I /3(x) > r } C E x and let V" = T^iV) C ^1. If V" n E' is not 
connected, then we get two disjoint C°° plurimassive subsets of X contained in V H £" C 
X \ E and we may apply Lemma 13.41 as before. Thus we may assume without loss of 
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generality that V D E' is connected. In particular, V fl E' —>■ V is a connected infinite 
covering. Observe also that a and a' are pluriharmonic on V. 

For each r with r < r < 1, the component 7 r of { x 6 1 | < r} containing 

(and .E) admits the complete Kahler metric 

h r = g + £(- log(r - a')) =§+(?- a')~ l C{a') + (r - cO^da'da 7 

with h r > g on X and h r = g at points in { x G X en' (a;) = } D X \ E '. Moreover, 
a |Y r and a' |Y r are C°° admissible plurisubharmonic functions for E = E fl Y r and 
E' r — E' nY r , respectively, and a \y r has finite /i r -energy (since a = on X \ E and h r = g 
on i?). Applying Proposition II .2\ we get a finite /i r -energy harmonic, hence pluriharmonic, 
function r r : Y^. — > (0, 1) such that a < r r < 1 on Y r and such that, for any admissible 
/i r -subharmonic function 7 : Y r — > [0, 1) for Y r \ E, < r r < 1 — 7 on YJ.. 

We will show that the functions 1, pi |Y r , and r r are linearly independent for some r 
with r < r < 1. To see this, suppose that, on the contrary, 1, pi |y r , and r r are linearly 
dependent functions for every r with r$ < r < 1. Then, since < r r < 1 — r^c/ — > 
at dY r , we see that pi is constant on dY r C V (~) E' for each r 6 (r , 1). Fixing a regular 
value r e (ro, 1) for a' and a point p G <9F r , we may choose a holomorphic coordinate 
neighborhood (W, $ = (Cij---)Cn)) mapping W onto a 2ra-dimensional open rectangle 
(r - e, r + e) x (0, 1) x ■ ■ ■ x (0, 1) in R 2n with <3>(p) = (r, 0, . . . , 0) and a' = Re Ci = «i on 
For each s with r<s<r + e, {xeW a'(x) < s } = (r — e, s) X (0, 1) X • • • X (0, 1) is 
a connected open subset of { x G X | a'(x) < s } meeting Y r C Y s , so this set is contained 
in Y s . Thus W HY S = {x G W \ a\x) < s } and so p\ is constant on W fl <9Ys = { x G 
W I a\x) = s }. It follows that dpi A rfa' = on {xEW\r< a'(x) < r + e} and, 
therefore, since pi and a 1 are pluriharmonic on the connected open set V fl E ', we see that 
<ipi tryn-E') an d rfa;' f^nE') are linearly dependent forms. On the other hand, V fl E' — > V 
is an infinite covering. Thus we have, for some constant C > 0, 

00 > / \d Pl \ 2 s dV s = C [ \da'\]dVg = C I \T*dl3\]dVg = oo. 

Thus we have arrived at a contradiction, so 1, P \ [Y r , and r r must be linearly independent 
functions on Y r for some r G (ro, 1). 

As in the last part of the proof of Lemma 13.41 (applied to p\ and r r ), for max^e p\ < 
a < 1, one gets a proper holomorphic mapping of some open subset of a component of 
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{x G X | a < pi(x) } contained in E = E\ onto a Riemann surface and the theorem 
follows. □ 

Remarks. 1. If M is a connected noncompact manifold with 3 < e(M) < oo, then M 
admits a finite covering space M with e(M) > 3. To see this, we fix an ends decomposition 
M \ K = Ei U • ■ ■ U E m such that the lifting of M \ K to the universal covering T : M -> M 
has e(M) components. The action of TTi(M) permutes these components and so we get 
a homomorphism of n\{M) into the symmetric group on e(M) objects. Thus the kernel 
T is a normal subgroup of finite index and hence the quotient M = T\M — > M is the 
desired finite covering. This observation together with Theorem 12.41 gives Theorem 13. II for 
the case in which 3 < e(X) < oo. For the associated finite covering space admits a proper 
holomorphic mapping onto a Riemann surface and any normal complex space which is the 
image of a holomorphically convex complex space under a proper holomorphic mapping is 
itself holomorphically convex. In particular, in the proof of Theorem 13.11 we could have 
avoided the argument in the case in which e(X) = 1, E\ = T^ 1 (Ei) has exactly two 
components E, E', and E' —>■ E\ is a finite covering. 

2. In general, the number of components of T" 1 (i? 1 ) is equal to the number of distinct 
double cosets of the image of the fundamental group of E%. 

Theorem 13. II and Lemma f(). 51 give the following: 

Theorem 3.6. Let X be a connected complete Kdhler manifold which admits a special 
ends decomposition. Assume that e(X) > 2 and tti{X) is infinitely generated. Then X 
admits a proper holomorphic mapping onto a Riemann surface. 

4. Mappings of compact Kahler manifolds to curves 
In this section, we consider the following consequence of Theorem l( ) . 1 1 ( and Theorem l3.1j) . 

Theorem 4.1. If X is a connected compact Kahler manifold for which there is a connected 
infinite covering space T : X — > X with e(X) > 3, then some finite covering space X' — >• X 
admits a surjective holomorphic mapping onto a curve of genus g > 2. 



The main point of the proof is the following (cf. Proposition 1.2.11 of |Kolj and 1.2.3, 
p. 490, of (Cimj): 
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Proposition 4.2. Let (X,g) be a connected complete Kdhler manifold with bounded ge- 
ometry. Suppose some connected noncompact covering space T : X — > X admits a proper 
surjective holomorphic mapping <f> : X — > S onto a Riemann surface S. Then, for every 
level F of $ over a regular value ( of $ ; the normalizer N 0/ im [7Ti (F) — > 7Ti(X)] is of 
finite index in tti(X). Furthermore, the associated finite covering space X' —>■ X with 
im[iTi(X') — > 7Ti (X)] = N admits a surjective proper holomorphic mapping $' : X' — > S 
onto a Riemann surface S. In particular, if X is noncompact, then X admits a proper 
holomorphic mapping onto a Riemann surface. 

Remark. The last statement is a consequence of the fact that the normal proper holomor- 
phic image of a holomorphically convex complex space is holomorphically convex. 

The following elegant proof of Proposition 14.21 which we give in steps, is due to Delzant 
and Gromov |DelGj . Let $ : X — > S be a proper holomorphic mapping with connected 



fibers of a connected complex manifold X onto a Riemann surface S, let Xa = 
for each set A C S, and let X^ = X{q for each point ( G S. If P is the (discrete) set of 
critical values of $ and, for each point p G P, m p is the greatest common divisor of the 
multiplicities of the components of the divisor <I> _1 (p) and 7 P is a simple loop tracing the 
boundary circle of a coordinate disk D p in S centered at p with D p D P = {p}, then the 
orbifold fundamental group is given by 

where N is the normal subgroup of 7r 1 (5' \ P) generated by the loops { r fo p }pep- The 
following lemma is well known (see 

Lemma 4.3. For & : X ^ S D P as above, we have 

(a) The map 7i"i(X) — > 7ri(5) surjective. 

(b) For eac/i pom£ ( E S \ P, the induced maps give an exact sequence 

m(X ( ) - 7r a (X) - - 1. 

(c) For eac/i pair of points Ci, C2 G 5*\P, eac/i choice of a point Xj G X^. /or j = 1,2, and 
each path a in X$\p from x\ to X2, the isomorphism 7Ti(X,Xi) — > 7Ti(X, x%) given 
by [7] — > [a _1 *7*«] restricts to a surjective isomorphism ofT\ = im[7Ti(X ( j 1 , xi) — * 
7Ti(X, xi)] onto T 2 = im[7r 1 (X^ 2 , x 2 ) — >■ 7Ti(X, x 2 )]. 
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(d) // T : X' — > X is a connected covering space and, for some point (i G S \ P, 
the group Ti = imf^^^) — > 7Ti(AT)] is contained in (is equal to) the group A = 
im[7ri(X') — > 7Ti(X)], then this is the case for every point ( G S \ P and we get a 
commutative diagram 




where S' is a Riemann surface, $' is a surjective proper holomorphic map with con- 
nected fibers, and 6 is a (possibly infinite, but locally finite) holomorphic branched 
covering map with branch locus B contained in {p G P \ m p > 1 } . In particu- 
lar, if F 1 = A, then S' = P 1 , C, or A and we get injective homomorphisms of 
ir° rh (&) = 7ri(X)/Ti into Aut (X') and into Aut (S'), $' is equivariant with respect 
to the action of n{ rb {Q), and T and 9 are the quotient maps given by 

T : X' -> X = 7T 1 or6 ($)\X / and 9 : S' -> 5 = 7r 1 or6 ($)\ 1 S'. 

Lemma 4.4. Lei (M, g) be a connected complete Riemannian manifold. 

(a) For each point p G M and each constant L > 0, the set 

K(p, L) = { [a] G 7Ti(M,p) | a is a piecewise C°° loop in M of length < L } 
is finite. 

(b) Let A be a path connected compact subset of M , let r > be a lower bound for 
the injectivity radius at points in A, and let Ai, . . . , A m be a covering of A by path 
connected subsets which are relatively open in A and which have diameter < r 
(with respect to the distance function in M). Then, for each point p G A, the group 
r = im [tti(A,p) — > 7Ti(M,p)] is generated by the set 

{ [a] G T | a is a piecewise C°° loop in M based at p of length < 2(m 2 + l)r + 1 }. 

(c) Let T : M — > M be a connected covering space, let g = T*g, and let {A\} Xe \ be a 
family of path connected compact subsets of M. Assume that there exist a positive 
integer m and a positive constant r such that, for each A G A, r is a lower bound for 
the injectivity radius in M at each point in A\ and there is a covering A\, . . . , A^ 
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of A by path connected relatively open subsets of A of diameter < r (in M). Then, 
for each point p G M, the (possibly empty) collection of subgroups 

n p = {im [tti (A x , p) -> TTi (M, p)] | A G A, p G T _1 (p) n A x } 

is finite. 

Sketch of the proof. For the proof of (a), we fix a number r > with 3r less than the 
injectivity radius at each point in the set D = _B(p, L), points p — pi,P2, ■ ■ ■ ,Pk £ D such 
that the balls B\ = B(pi, r), . . . , B^ — B(pk, r) form a covering for D, a Lebesgue number 
5 > for this covering, and a positive integer m such that L/m < 5. For each pair of 
indices i,j, we let = A"/ be a minimal geodesic from p^ to p,. Now any piecewise C°° 
loop cu of length < L based at p is homotopic to a loop ot\ * «2 * • • • * «m in D; where, for 
each v — 1, . . . , m, a v is a piecewise C°° path of length < 5 and is, therefore, contained in 
B iv for some index i v . We may assume that i\ = i m = 1. Thus ct is homotopic to the loop 
Aj li2 * X i2 i 3 * A im _ lim and the claim follows. 

For the proof of (b), we let / be the set of pairs of indices with 1 < i, j < m and 
Ai fl Aj 7^ and, for each G /, we fix a point Pij = p^ G fl A^. If (j, fc) G /, 
then Aj C B g (p i j,r) and we get a unique minimal geodesic 7^ = 7^ from p^- to p^. 

Fix a point p e A. Given a point q E A, we may form a broken geodesic A of the form 

^ — C * 7*0*1*2 * 7*1*2*3 * ' ' ' * 7*fe-2*fe-l*'fe * V 

from p to q where p G A io C B(p ioil ,r), q G Aj fc C B(p ik lik ,r), and C and 77 are the unique 
minimal geodesies from p to p^ and from Pi k _ 1 i k to g, respectively. On the other hand, 
any broken geodesic A of the above form is homotopic to a path in A. If we choose A 
so that k is minimal, then each pair G / can be equal to (i v -i,i v ) for at most one 

v G {1, 2, 3, ... , k}. Thus we must have k < m 2 and hence l g (X) < r + {m 2 — l)r + r = 
(m 2 + l)r. Thus we see that any point q G A may be joined to p by a piecewise C°° path 
A in M which has length < (m 2 + l)r and which is homotopic (in M) to a path in A. 

Now given a loop /3 in A based at p, we may choose a subdivision = to < ^1 < ' ' ' < 
tk — 1 such that, for z/ = 1, . . . , fc, /3 \[t v _ 1 1 ] is homotopic to a C°° path of length < 1. By 
the above, for each v — 1, . . . , k — 1, we may also choose a piecewise C°° path \ v from p to 
f3(t v ) such that /(A^) < (m 2 + l)r and A^ is homotopic to a path in A. Thus, in T, we have 

m = iPi] ■ ■ ■ [&] 
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where = (3 \ [toM] *A^\ (3 U = \ u ^i * (3 \[t u _ litu] *A~ 1 for v = 2,...,k-l, and (3 k = 
Afc_i * (3 \[t k _ lf t k ]- Since each of the above loops is homotopic to a piecewise C°° loop of 
length < (m 2 + l)r + 1 + (m 2 + l)r, the claim (b) follows. 

Finally, for the proof of (c), we fix p G M and we set L = 2(m 2 + l)r + 1. Applying 
Part (b) in the covering space (M, g), we see that each element T G 7i p is generated by the 
set K(p, L) fl T. Therefore, since K(p, L) is a finite set by Part (a), Ti p must be finite. □ 

Proof of Proposition \4 ■ %\ (Delzant-Gromov [DelG ). Stein factoring, we may assume that $ 
has connected fibers. Furthermore, by passing to the appropriate covering space as in part 
(d) of Lemma [0} we may assume that tti(X^) — > 7Ti(X) is surjective for every regular value 
( of $ and, therefore, for any ( G S (since tti(X^) surjects onto im [^(X^) — > 7Ti(X)l = 
71*1 (X) for a sufficiently small connected neighborhood U of £ in S) . With these additional 
assumptions, we will show that the normalizer of im — > tti(X)] is of finite index. 
Equivalently, the normalizer of im [^(F) — > 7Ti(X)l is of finite index for any (possibly 
singular) fiber F of 

Clearly, we may assume without loss of generality that n = dimX > 1 and, since X is 
noncompact, we have S = C or A. Fixing a point (o 6 S and a point xq G Fq = X^ = 
I*- 1 (Co), we get 

f = iri(X,x ) = im [tti(F ,x ) tti(X,x )] ^ T = T*f C A = tti(X,x ), 

where Xq = T(£q). We must show that the normalizer 

iVo = {AGA| AroA-^To} 

is of finite index in A. For this, it suffices to show that To has only finitely many distinct 
conjugates in A. 

The collection of conjugates of r in A is precisely the collection Ti of subgroups T of A 
of the form 

T = im [7Tx(X, x) -»• A] = im \ni(F, x) -> A] 

where x G T _1 (s ) and F is the (not necessarily smooth) fiber of $ containing x. Let 
g = T*g. According to Lemma 14.41 to show that Ti, is finite, it suffices to find constants 
m G N and r > such that, for each fiber F of $ meeting T _1 (xo), r is a lower bound for 
the injectivity radius in X at each point in F and there is a covering A\ . . . , A m of F by 
connected relatively open subsets of F of diameter < r (in X). 
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The covering space X has bounded geometry because X does. Thus, for some constant 
C > and for each point p G X, there is a biholomorphism ty p of the unit ball 5c«(0; 1) C 
C n onto a neighborhood B Ep = B E ^ P {1) of p in X such that \l/ p (0) = p and 

C- l %g < g C n < C%g on 5^(0; 1). 

We set B EjP (r) = \& p (.Bc»(0; f)) for each r e (0, 1). Thus, for constants Ri, R 2 , and R with 
1/4 > Ri > Rx/2 > i? > i?/2 > i? 2 > 0, we get, for each point p <E X, 

B E;P {1/A) 3) S a (p,i2i) D Bg(p,R 1 /2) 3) 1) B E)P {R/2) m B s (p,R 2 ). 

If F is a fiber of $ meeting T _1 (xo), then we may choose points p%, . . . ,p s G F such that 

F C B s (px, Ri) U • - • U B§(p s , Ri) 

but 

Pj E F \ [B s { Pl , R x ) U • • • U S 5 (pj_i, i?i)] for j = 2, ... , s. 

In particular, the balls B§(pi, Ri/2), . . . , Bg(p s , Ri/2) are disjoint and, therefore, the balls 
B EtPl (R), . . . , B E)Pa (R) are disjoint. According to jStoj . since X is Kahler, the fibers of $ 
have equal volume vq (counting multiplicities). But, by Lelong's monotonicity formula (see 
estimate 15.3 in |Chij ) . there is a constant 5 > such that any analytic set A in -8(0, 1/2) 
of pure dimension n — 1 passing through satisfies volc«(^4 D -Bc n (0, R)) > 5 (recall that 
R < 1/4). It follows that 

s s 

v = vol s (F) > J2^k(FnB EjPj (R)) > J2C~ n yol C n(^(FnB EiP .(l/2))nB C n(0,R)) 
i=i j=i 
>C- n -s-5. 

Thus we have the uniform bound s < C n Vo/5 for s. Consequently, we also get the uniform 
bound diamF < 2R±C n Vo/5 for the diameter (with respect to the distance in X) of F. 

It follows that the union Z of the images in X of the fibers of $ meeting T _1 (xo) is a 
bounded set. Hence we may choose a constant r > so that r is a lower bound for the 
injectivity radius in X at each point in Z and, therefore, for the injectivity radius in X 
at each point in any fiber of $ which meets T _1 (xo). We may also choose each of the 
neighborhoods {B E p \ % so that diam5 S p < r for each p <E X (although the above proof 
of the boundedness of Z involved the choice of {B Ep } p( .^, this boundedness property is 
clearly independent of the choice of {B E p \ e %)- 
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Now suppose that F is again a fiber of <f> meeting T _1 (a;o) and, in the above notation, 
1 < 3 < s and A is a connected component of FC\BE, Pj which meets B g (pj] R\). Choosing 
a point aG An B g (pj, R\) and applying the above volume estimate then gives 

vo\ g (A) > C- n vo\ Cn ((^(A) n Bc-(^(a); 1/2)) n B Cn (^(a); R)) > C~ n ■ 5. 

It follows that Fr\B E , Pj can have at most C n v /5 such components. Combining this uniform 
bound with the uniform bound for s, we see that, if we fix a positive integer m > (C n vo/S) 2 , 
then, for any such F, we may choose sets A 1: . . . , A m so that F — Ai U • • • U A m (possibly 
with some repetition) and, for each v — 1, . . . , m, A v a component of F n (which 
meets B g (pj, Ri)) for some j. The finiteness of H, and hence of [A : N ], now follows. 
Thus we get a commutative diagram 




in which T' is a Galois covering map, T" is a finite covering map, and A' = Nq/T' q ; where 
% = miX', Jo) $ N for x' = V(x ) and r' = T^X,^). 

It remains to show that X' admits a proper holomorphic mapping onto a Riemann 
surface. But each automorphism a G A' maps fibers (of $) to fibers, because $ is constant 
on every connected compact analytic set. Thus a descends to an automorphism of S and 
A' acts properly discontinuously on S (in other words, the image of the homomorphism 
A' — > Aut (S) acts properly discontinuously and the kernel is finite). We therefore get a 
commutative diagram 




S' = A'\S 



where 9 is a branched infinite covering map, S' is a Riemann surface, and $ is a surjective 
proper holomorphic map with connected fibers. □ 

Lemma 4.5. Let (X, g) be a connected compact Kdhler manifold . Suppose some connected 
covering space T : X — > X admits a surjective proper holomorphic mapping $ : X — > S 
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onto a Riemann surface S whose universal covering is the unit disk A. Then some finite 
covering space of X admits a surjective holomorphic mapping onto a curve of genus g > 2. 

Proof. Clearly, we may assume that T : X — > X is an infinite covering and, by Stein 
factorization, we may assume that l> has connected fibers. After passing to the appropriate 
covering space, we may also assume that tti(F) surjects onto 7Ti(X) for every fiber F of 
$ and hence that S = A (in the above, we have used part (d) of Lemma 14.31 and the 
fact that, for a surjective holomorphic map of Riemann surfaces S* — ► S, we get a lifting 
S* — > A, where S* is the universal covering of S*, and hence S* = A by Liouville's 
theorem). Furthermore, applying (the proof of) Proposition 14.21 we get a commutative 
diagram of holomorphic mappings 

X - S = A 

a \ e 

/ x 

A\X = X ^ 5 = 6\A 

where (3 : X — > X is the finite covering with /3*7Ti(X) equal to the normalizer of T*7Ti(X); a 
is the corresponding intermediate covering map; A = 7Ti(X) /f is the quotient by the normal 
subgroup T = « Ht 7r 1 (X); is the image of A under the homomorphism A — > Aut (A); and 
9 is the corresponding branched covering map of the quotient Riemann surface S. Since X 
is compact (and, therefore, A is finitely generated), Selberg's lemma provides a finite index 
torsion free normal subgroup 0' of and hence a commutative diagram of holomorphic 
mappings 




where A' C A is the inverse image of 0'. Clearly, the map $' is surjective and the map 9' 
is an unramified covering map, so the proof is complete. □ 
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Proof of Theorem \4-l\ By Theorem 10. 1[ X admits a proper holomorphic mapping $ with 
connected fibers onto a (noncompact) Riemann surface S. For an ends decomposition 
X \ K = Ei U • • • U E m and a generic fiber F of $ contained in E±, we get a commutative 
diagram of holomorphic maps 

<!> ?! A or C 




orb 



7T° rb (<i>)\X = X 

where T : X — > X is the connected Galois covering space with 

f *7Ti(X) = T = im [tti(F) -> 7Ti(X)] = ker [tt^X) 
/3 : X — > X is the connected covering space with 

/Ui(x) = f = im [vn^o - 7n(x)] d r ; 

A is the group given by 

A = f/r c 7n(x)/r = < rb (<f>); 

a : X — > X is the connected Galois covering space with 

a*7Ti(X) = im [tti(F) -> 7n(X)] = (/3*) _1 (r) = T 



for a fiber F of $ which f3 maps isomorphically onto F\ the maps 0, p, and r are branched 
covering maps (with branch locus mapping into the set of critical values of $); and the 
maps $ and $ (and $) are surjective proper holomorphic mappings with connected fibers. 
Here, we identify 7r° rb ( ( l ) ) with the corresponding discrete subgroup of Aut (X) or Aut (S), 
depending on the context. According to Lemma l4.5[ it now suffices to show that S = A 
(in fact, this will imply that one may get the desired finite covering X' of X by applying 
Lemma f4. 51 to X and a suitable covering X of the given covering X). Observe that this is 
the case if some intermediate infinite covering space X* between X and X admits a proper 
holomorphic mapping $* with connected fibers onto a Riemann surface S* whose universal 
covering is A. For the fibers of $* lift to a union of fibers of $ (since $* is constant on 
the image of each fiber of $ in X*), so the covering map X — > X* descends to a surjective 
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holomorphic mapping S — > S*. Lifting to a map S — >• A, we see that 5 ^ C and hence 
S = A. 

In particular, it suffices to consider the cases S = C or C*. Since e(X) = 6(5") and 
e(X) > 3, we may choose the ends decomposition X\K = EiU- ■ -UE m so that m = e(X) = 
1 or 2 and f ^ tti(X). It follows that e(X) > 2 and therefore, since e(X) = e(S) = 1, 
A = f/r is infinite (i.e. a : X — > X is an infinite covering). On the other hand, we have 
[7r° rb (<f>) : A] = [tti(X) : f]. If this index is finite (i.e. (3 : X — > X is a finite covering), then 
e(X) = e(X) > 3 and hence, in this case, we may replace X by X. Thus we may assume 
without loss of generality that A is of infinite index in 7r° vb (&) or e(X) = 2 (i.e. X = C*). 

We now consider the possible properties of 7r° rb ($). We first observe that, if 7r° rb (<I>) 
contains an infinite cyclic subgroup of finite index, then every infinite subgroup of 7r° rb ($) 
is of finite index. In particular, we get e(X) = 2 and (3 : X — > X is a finite covering and, 
therefore, e(X) > 3. Therefore, S ^ C or C* and hence S = A in this case. In general, if 
S = C, then 7r° rb (<i>) is either trivial or a free product of a countable collection of nontrivial 
finite cyclic groups while, if S = C*, then 7r° rb (<i>) is either Z or the free product of Z and a 
countable collection of nontrivial finite cyclic groups. The group Z2 * Z2 contains the finite 
index infinite cyclic subgroup < a\a 2 >, where a\ and a 2 are the generators for the first and 
second copy of Z 2 , respectively. Thus, by the above remarks, we need only consider cases 
in which the free product representation for 7T° rb ($) has at least three nontrivial factors or 
at least two nontrivial factors with one of order > 2. But in these cases, 7r° rb (<I ) ) contains 
a non-Abelian free group and is therefore Fuchsian. □ 

Remark. Lemma 10.51 and Theorem 14.11 together give part (b) of Theorem 10.21 A proof 
giving both parts (a) (Gromov and Schoen) and (b) simultaneously appears in the next 
section. 

5. Amalgamations and mappings to Riemann surfaces 

Theorem 14.11 together with standard facts from geometric group theory (see Proposi- 
tion E21 below) give Theorem 10 .2[ which is equivalent to the following: 

Theorem 5.1. Suppose X is a connected compact Kahler manifold whose fundamental 
group A = tti(X) induces a minimal action without inversion on a (simplicial) tree T 
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which is not a line or a point. Then some finite covering space X' — > X admits a surjective 
holomorphic mapping onto a curve of genus g > 2. 

Remarks. 1. Equivalently, if X is a connected compact Kahler manifold whose fundamental 
group A = 7Ti (X) is the fundamental group of a minimal reduced graph of groups for which 
the universal covering tree is not a line or a point, then some finite covering space admits 
a surjective holomorphic mapping onto a curve of genus > 2. 
2. We will only consider group actions on simplicial trees. 

A brief discussion of the required facts from Bass-Serre Theory jSij will be provided for 
the convenience of the reader. For a graph Y , we will denote the set of vertices by Vert (Y) 
and the set of edges by Edge (Y) , the origin and terminus maps by 

a : Edge (Y) -> Vert (Y) and u : Edge (Y) -> Vert (Y), 

respectively, and the edge inversion by e h- > e. We often identify each edge e G Edge (Y) 
with the corresponding map e : [0, 1] — > Y. In a metric space Z, for r > 0, we denote the 
ball of radius r centered at a point z £ Z by Bz(z; r) and the r- neighborhood of a subset 
A G Z by Nz{A; r). In particular, for a connected graph Y, a vertex t> G Vert (Y), and a 
number r G (0, 1], we have 

B Y (v;r)= |J e([0,r)). 

egEdge (Y), o(e)=i) 

Suppose A is a group which acts without inversion on a tree T (i.e. Ae ^ e for every 
edge e G Edge(T)). The action is called minimal if T contains no proper subtree that 
is invariant under the action. In general, if A is finitely generated, then one can form a 
minimal A-invariant subtree T m ; n . For we may take T m j n to be a vertex v of T fixed by A 
if such a vertex exists (i.e. if the action is elliptic). If no vertex is fixed, then we may take 
^min to be the intersection of all A-invariant subtrees. 

Observe also that, if the action of A on T is minimal and T is not a single point (i.e. 
no vertex is fixed), then the valence of every vertex is at least 2 (i.e. there are no "dead 
ends" ) . For the collection of edges having an endpoint of valence 1 in T is invariant and 
hence, after removing such edges, one gets an invariant subtree which, by minimality, must 
be equal to T. Thus no such edges can exist. Equivalently, each edge of T is contained in 
a line. 

Theorem 15 .11 is an immediate consequence of Theorem 14. II and the following fact: 
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Proposition 5.2. Suppose M is a connected compact C°° manifold whose fundamental 
group A = 7i"i(M) induces a minimal action without inversion on a tree T which has a 
vertex Vq of valence at least 3 . Then the connected covering M — ^ M for which im [71*1 (M) — ► 
7Tl(M)] is equal to the isotropy subgroup A vo atvo is an infinite covering (i.e. [A : A Vo \ = 00) 
and e(M) > 3. 

Remark. For A = tt\{X) = r^r^ as in the theorem of Gromov and Schoen fTheorem l(J.2j) . 
A induces a minimal action on a tree T with fundamental domain e G Edge (T) such that 
T is the stabilizer of e, Fx = A a ( e ), and T 2 = A^( e ), and the index of T in r x and T 2 is equal 
to the valence of a(e) and u(e), respectively. 

For the proof of the proposition, we first consider the following standard fact: 

Lemma 5.3. Given a minimal cocompact action without inversion of a finitely generated 
group A on a tree T which is not a point, let 9: T — > Y be the quotient map to the finite 
quotient graph Y = A\T, let vq be a vertex in T , let 6 : T —> T = A Vo \T be the quotient by 
the isotropy subgroup A Vo , let 6 : T — > Y be the induced map, let yo = 9{vq), let v$ = 9{vq), 
and let T Q be the subtree of T with 

Edge (T ) = { e G Edge (T) | a(e) = v or u(e) — v } 

and 

Vert (T ) = {v } U { u(e) \ e G Edge (T) and a(e) = v }. 
Then we have the following: 

(a) The image Y = 6(T ) (i.e. Vert (Y ) = 6(Vert (T )) ; Edge (Y ) = 6(Edge(T ))) is 
the (finite) subgraph ofY with 

Edge (Y ) = { e G Edge (Y) | a(e) = y or u(e) = y } 

and 

Vert (Y ) = {y } U { u(e) \ e G Edge (V) and a(e) = y }. 

(b) The graph T is a tree. 

(c) A vo acts on T and on T\ T , T = A V0 \T is the finite subtree ofT with 

Edge (T ) = { e G Edge (T) | a(e) = v or u(e) = v Q } 

and 

Vert (f ) = {v } U { u(e) \ e G Edge (f ) and a(e) = v }, 
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T = 9~ 1 (T ), and there exists a finite subtree Ti ofT which 9 maps isomorphically 
onto To. 

(d) If R : [0, oo) — > T is a ray in T with vertex R(0) = v , then 9 maps R isomorphically 
onto a ray 9(R) in T. 

Proof. For the proof of (a), we observe that if e G Edge (Y ) with ct(e) — y — 9(v ), then 
there is an edge / G Edge (T) with 9(f) = e. Since 9(a(f)) = y , there is an element A G A 
with a(A • /) = A • a(f) = v . Thus A • / G Edge (T ) and 9(X ■ f) = e. 

For the proof of (b), suppose T contains a circuit. Then (equivalently) T contains a loop 
7 = e\ * e<i * ■ ■ ■ * it; where ei, £2, . . . , e& are edges such that a(ii) = u(ik) = 6{vq) = vq 
and, for some i G { 1, . . . , k }, we have e« ^ ij and ii ^ ij for j = 1, . . . , i, . . . fc. We may 
then lift 7 to a path 7 = e 1 * e 2 * • • • * e k with a(ei) = v . Since cu(efc) G A„ • t> = {v }, 
7 must be a loop. But we also have 7^ and e$ 7^ for j = 1, . . . , i, . . . k, which is 
impossible since T is a tree. Thus T is a tree. 

For (c), it is clear that A„ acts on T and on T \ T and the proof of (a) shows that 
T is the subtree of T as described. We may form the finite subtree Ti of T as follows. 
For each edge e G Edge (Y ) with a(e) = y , we may choose an edge f e G Edge (T ) with 
a (fe) = ^0 and 9(f e ) = e. If e is a loop edge, then we may choose an element A e G A such 
that io(\ e f e ) = A e • io(f e ) = v . Hence a(X e f e ) = v , 9(X e f e ) = 9(X e f e ) = 9(f e ) = e, and 
f e = A~ 1 (A e / e ). Thus we may choose f e , f s , A e , and A g so that f s = \ e f e and A g = A^ 1 for 
each loop edge e G Edge (Y ). Note also that f s 7^ f e since A acts without inversion. We 
now define the subtree Ti by 

Edge (Ti) = { f e I e G Edge (F ) and a(e) = y } U { £ | e G Edge (F ) and a(e) = y } 

and 

Vert (Ti) = {v } U { u(f e ) \ e G Edge (Y ) and a(e) = y }. 

We have A„ • T x = T . For, if / G Edge (T ) with a(/) = v , then the edge e = 9(f) is an 
edge in Y Q with initial point y and hence ^(/) = e = 9(f e ). Thus / = A/ e for some A G A. 
In particular, At> = Xa(f e ) = a(f) = v , so A G A„ . Thus T = A„ • T ± . On the other 
hand, if /, /' G Edge (Ti) with \f = f for some A G A^ , then / = /'. For we may assume 
without loss of generality that oc(f) = ct(f') = vq (otherwise, we replace the pair by /, /'). 
We then have 9(f) = 9(f) = e G Edge (Y ) and hence / = /' = f e by the construction of 
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T\. Thus 9 maps T\ isomorphically onto To. In particular, To = A Vo \Tq is a finite subtree 
of the tree T = A VQ \T. 

Finally, for (d), observe that if v — R(j) and w = R(k) are vertices in R (j, fcGN) and 
A G A vo with Xv = w, then A • [v ,v] = [v ,w] C R. Since we then have j = l([v ,v]) = 
1([vq,w]) = k, we get v = w. 

□ 

Proof of Proposition \5.2l Let T : M — > M be the universal covering of M and let B = 
M xa T — > M be the associated bundle. Here, we will consider the left action of A on M 
so that 

B = M x T/[(x,t) ~ (A -a;, A ■ t) VA G A] 

(in terms of the right action, (A • x, X ■ t) = (x ■ A -1 , A ■ £) ~ (a;, t)). Since the fiber T is 
contractible, B — >• M admits a continuous section a. Thus we get a continuous equivariant 
map \& : M — > T given by 

$(x)=t ^ [(x,t)]=a(f(x)). 

Furthermore, the minimality of the action implies that ^> is surjective. To see this, we let 
T' be the subgraph of T for which Edge (T') is the set of edges e G Edge (T) which lie 
entirely (including the endpoints) in \&(M) and Vert (T') = Vert (T) D \I/(M). Then T' is 
A-invariant because \I/(M) is A-invariant. Furthermore, T 1 is connected and, therefore, T' 
is a subtree. For if p and q are distinct points in T', then we may form a geodesic in T 
from p to q which is contained in the path connected set \I/(M). Clearly, each vertex in 
T which rj meets will lie in T'. If e is an edge whose interior meets 77, then either p or q 
is in the interior or e is a segment of 77. In either case, we get e G Edge (T'). Thus 77 is 
contained in T" and hence T' is a subtree. Therefore, by minimality, we have T' = T and 
hence ^f(M) = T. Thus we get a commutative diagram of surjective continuous mappings 
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In particular, the quotient graph Y is compact; that is, finite. Thus we may form y = 9(v ), 
v = 9(v ), T d T D Ti, T = A„ \T C T, and Y = 9(T ) = 9(T ) as in Lemma EHfl 
Let 

C = B T (v ; 1/4) = |J e([0,l/4]) 

eSEdge(T),o(e)=t) 

and 

C 1 ^B Tl (v ; 1/4)= |J e([0,l/4]). 

eeEdge(Ti),o(e)=i) 

We then have 

C = |J e([0, 1/4]) = B To (v ; 1/4) = A„ • C x . 

eGEdge (To), a(e)=vo 

Moreover, 9 maps C\ isomorphically onto the connected compact set 

Co = 9(C ) = B f (v ; 1/4) = B fo (v ;l/4). 

We will pull back components of T \ Co to get ends in M. For this, we first observe that 
the set Kq = \l/ -1 (Co) is compact. For, given a point 

x G f(K Q ) = ^-\9(d )) = V- l (9(Co)) = *" 1 (0(C7 1 )), 

we may choose connected neighborhoods 5 and -B' such that xo G B d B', 5' is con- 
tractible, and diam\E'(_B / ) < 1/4. Suppose B\ and £>2 are two components of Y _1 (£>) 
which meet K . Then, for i = 1,2, we may choose a component B { of T -1 (.Bj) so that 
^(Bi) meets C\. We then have 

= *(B) c N Y (0(C x ); 1/4) c By (3/0; 1/2). 

Thus ^(-Bj) is a connected subset of N T (A ■ u ; 1/2) which meets Ci C B T (v ] 1/2) and 
hence ^(Bi) C B T (vo~, 1/2). On the other hand, for some A G A, _B 2 = A • B\ and so 
B T (v ; 1/2) n S T (Au ; 1/2) ^ 0. Thus A G A,, and hence B x = T(Bx) = T(B 2 ) = B 2 . 
Therefore, a unique component B\ d M of T _1 (B) meets Kq. Covering the compact set 
T(Ko) = \l/ _1 (0(Ci)) by finitely many such sets B, we see that Kq is compact (in fact, we 
have shown that T maps K homeomorphically onto T(K )). 

We may now choose an ends decomposition M \ K = E\ U • • • U E m in which if is a 
connected compact set with K C K and we may set C = ^f(K) D C . If R : [0, 00) — > T 
is a ray with vertex R(0) = v , then, since C is a compact connected subset of the tree T 
and Co C C, we have C C\ R = R([0,b\) for some b > 1/4. Similarly, for each j = 1, . . . , m, 
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^(Ej) fl R is a singleton or a (possibly unbounded) interval whose closure meets C n R. 
But then 

R((b, oo)) = R\C = R\$(K) C $(M\K) = V(Ex) U •••U$(£ m ) 

(since \P is surjective) and hence R \ C C ^(Ej) for some j. In other words, for each ray 
i? in T with vertex v , there is an index j G { 1, . . . , m } such that the unbounded interval 
R \ C is contained in ^f(Ej). Note also that, if 5 is the component of T \ {v } containing 
R((0, oo)), then C 5 because 

§(£,■) C $(M\A") C #(M\tf ) =f \C Q cf \{v } 

and $(Ej) meets i?((0,oo)). 

Now, by hypothesis, there exist distinct edges Ui,u 2 ,u 3 G Edge (T) and rays Ri,R 2 ,R 3 
with vertex u such that, for v — 1,2, 3, a{u v ) = v and u u = R u \t 0>1 ] (see the remarks 
preceding the statement of the proposition). We may choose (not necessarily distinct) 
indices i\, i 2 , H G { 1> • • • , m } such that, for z/ = 1, 2, 3, 

i\Cc$(4)cl, 

where i?^ is the ray given by R u = 9{R U ) and S v is the component of T \ {f} } containing 
-R^ \ {vo}- We then have, for some h v > 1/4, R v n C = it^ f[o,&„], R V \C = R v \(b v ,oo), 
R v fl _1 (C) = i?^ f[o,6„], and i?^ \ _1 (C) = R u t (&„,(»)■ We may also choose a component 
F v of T- 1 ^) such that V(F V ) meets R v \ O^C). We have 

0(*(F V )) = $(T(Fj,)) = §(£J C g,, 

so ^(-Fy) is a connected subset of 6 I_1 (S' !/ ) meeting i? l/ \{t> }. Thus ^(i 7 ^) is contained in the 
component S„ of T\{t> } containing R u \{v } (note that 6 l ~ 1 (t) ) = {t>o})- But Si, 5*2, and 5*3 
are disjoint because the sets e„((0, 1]) C Sj, for z/ = 1,2,3 are in different components of 
T \ {v }. Therefore, F 1; F 2 , and F 3 are disjoint and it follows that e(M) > 3. □ 

We now complete the proof of Theorem IU .31 Suppose A is a properly ascending HNN 
extension with base group T and stable letter r. In other words, for some isomorphism (p 
of T onto a proper subgroup of T, we have 

A = (T, r; ^(7) = r~ 7T for 7 G T). 

Remarks. 1. We have T A and 

• • • Q t- 2 Tt 2 Q r-'Tr QTQ rTr' 1 Q t'Tt' 2 Q ■ ■ ■ . 
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2. The group A = IJmez T m TT~ m is an infinitely generated normal subgroup of A. The 
quotient group A/ A is infinite cyclic with generator rA. 

3. Clearly, if T is finitely generated, then A is finitely generated. According to a theorem of 
Bieri and Strebel |BiS] , if A is finitely presented, then one express A as an HNN extension 
with finitely generated base group. However, it may be impossible to express A as a properly 
ascending HNN extension with finitely generated base group. For example, if A = ni(S) = 
(a±, Pi, «2, P%\ [ot\,P\\ ■ [ct2,P?\ = 1) for a compact Riemann surface S of genus 2; r is the 

11 — 

subgroup generated by a,i,Pi,ot.2, r = /3 2 ; 0i = (02); ©2 = (chiPi&i Pi 0C2); and cp: Oi — > 
6 2 is the isomorphism a™ 1— > (diPid^ 1 P^ 1 a>2) m , then A = (r, T ; tAt -1 = <f(X) VA £ 0i) 
is an HNN extension with (finitely generated) base group Tq and stable letter r. Moreover, 
for T the infinitely generated subgroup of A generated by elements r _m 7T m for 7 £ Tq 
and m £ Z> , A is a properly ascending HNN extension with base group T and stable 
letter r. However, A cannot be expressed as a properly ascending HNN extension with 
finitely generated base group (for example, by part (ii) of Theorem IQ.Hjl . 

4. A induces a minimal left action without inversion on a tree T such that the quotient 
graph A\T is a single loop edge. Under the embedding r ■=— > A, we may identify the base 
group T with the isotropy subgroup A„ for some vertex u . For some unique edge eo, 
we have vq = a(eo) and vi = ou(eo) = r ■ vq. The edges r m eo, m £ Z, form a line 
/: K — > T, the axis for r, with I \[ m . m +i]= T m ■ Cq for each m £ Z. For each m £ Z, we set 
w m = r m ■ w = We then have A v m = r m A vo r- m A Vm D A vo if m > (while A t , m C A^ 
if m < 0), so A„ must fix each point in the ray I t[o,oo)- I n particular, A„ fixes the edge eo 
and A^ acts transitively on the remaining edges with initial vertex vq- For if / is an edge 
not equal to e or r _1 ■ e with a(f) = v , then there exists a A £ A with Ar -1 ■ e = / or /. 
If the former, then A £ A„ . If the latter, then / = At -1 -e with Ar _1 £ A Uo , contradicting 
the above. 

5. Let m £ Z> and let D be the end in T which is the component of T \ {v m+ i} 
containing Vq. Then A Vm = r m TT~ m is precisely the set of elements A £ A with A • Vo £ D. 
For each element of A Vm+1 maps D onto a component of T \ {f m +i}. If A £ A Vm C A Vm+1 , 
then X ■ r m ■ cq = r m ■ cq, and hence X ■ D = D. Conversely, if A £ A \ At, m , then we have 
X £ Ai, fc+1 for some minimal k > m. In particular, since r k ■ e§ has endpoints Vj. and Vk+i, 
A must map the component F of T\ {t> fc+1 } containing r fc • e onto a different component. 
Hence, since eo C D C F, D and A • D must be disjoint. 
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Lemma 5.4. Let M be a connected compact C°° manifold whose fundamental group A = 
7Ti(M) is a properly ascending HNN extension with finitely generated base group T and 
stable letter r, let A = {J me iT m Tr~ m , and letT: M — > M be a connected (Galois) covering 
space with Y*7Ti(M) = A. Then there is an end E for M such that im [tti(E) — > 7Ti(M)] 
is finitely generated. In fact, for any C°° relatively compact domain Q' in M containing 
dE, the image of the fundamental group of the end E' = E\JQ! in 7Ti(M) will be finitely 
generated. 

Proof. As in the proof of Proposition E21 for T : M — > M the universal covering and T the 
universal covering tree as above, we get a surjective continuous equivariant map ^ : M — > T 
and a commutative diagram 



A\M 





A\T 



The quotient T is a line onto which 9 maps the line / isomorphically. We set I = 6 o I. 
Furthermore, the map \1/ is proper (since A/A = Z acts properly discontinuously on M 
and T) and surjective and e(M) = 2. For some point xq G M with ^(xq) = vq and for 
x = T(x ), v = 8(v ) = §(x ), x = T(x ) = T(x ), and y = 6(v ) = §(v ) = #(x Q ), we 
may identify A = ni(M) with tti(M,xq), 7Ti(M) with 7Ti(M, xq), and A with T*7Ti(M, xq). 

By the arguments in the proof of Proposition 15.21 some end of M is a component of 
oo, 1))). Forming the union of this end with a large relatively compact domain in 
M, we get an end E of M such that xq G E and ^(E ) C /((— oo,m)) for some positive 
integer m. We may now choose a C°° relatively compact domain Q in M such that xq G fi, 
9£^o C fi, nni^o is connected, and im [7Ti(fl, Xo) — > 7Ti(M, Xo)l ^ A„ m = T m Yr~ m (here we 
have used the fact that T is finitely generated). 

We now show that, for E = E U £7, im [^(i?, x ) — > n 1 (M,x )] is finitely generated. 
Since Q is a C°° domain, we may choose a domain such that Q <<= G <s M and is 
a strong deformation retract of 0. Given a loop (3 in E based at Xq, we may choose a 
partition = s < t Q < Si < t\ < • ■ ■ < s k < t k = 1 such that j3(sj), /3(tj) G Q and 
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P([sj, tj\) C 9 for j = 0, . . . , Jfe, and /3{{tj- U Sj)) C E \ ft = E \ ft for j = 1, . . . , Jfe. For 
each j — 1, . . . , k, we may choose a path 5j in E Dfl from f3{tj_i) to /3(sj) (since these 
points lie in E n <9ft = E n <9ft and E Q fl ft is connected), and, for each j — 0, . . . , k, we 
may choose a path e-,- in i^o H ft from x to /3(t,-). The loop (3 is homotopic to the loop 

r7o*Ki**7i* «2*- • •*%-i*«fe*%, where, ^ = t[«o,to] * e o K i = e j-i*/3 ffe-i,^] *^ 7l * e 7-i for 
j = 1, . . Tfe = ej-i*6j*P t[ Si)tj ] *ej x for j = 1, . . . , and% = e fc _i*4*/3 For 
each j = 0, . . . , k, rjj is contained in G and, therefore, homotopic to a loop in ft. For each 
j — 1, . . . , k, Kj is a loop in E and hence the lifting kj to M with kj(l) = x lies in ^/~ 1 (D); 
where D C 0~ 1 (Z((— oo, m + 1))) is the component of T \ {t> m+1 } containing v . Therefore, 
the element Xj = [T(/tj)] G vri(M, x ) satisfies A.,- • = ^(Aj • xo) = \?(/Cj(0)) G £>. Thus, 
by the remarks preceding this proof, we have A^ G A„ m and hence, by construction, Kj is 
homotopic to a loop in ft. Since ft C E, we get 

im [vri(fi,x ) -> 7Ti(M,x )] C im [vri(£, x ) -> 7Ti(Af,x )] C im [vri(fi,x ) -> 7ri(M,x )]. 

Thus we get equality of the above finitely generated groups. 

Finally, given a relatively compact C°° domain ft' in M containing dE, we may choose 
a C°° relatively compact domain ft" in M such that ft (s ft", E fl ft" is connected, and 
ft" \ £ = ft' \ E. The above argument applied to the ends E C E' = E U £1' = E U ft" 
gives finite generation of im [iti(E', x ) — ► 7Tx(M, £ )1 • □ 

Remark. If M = 5 is a compact Riemann surface of genus 2 and A = tti(M) is expressed 
as a properly ascending HNN extension with (infinitely generated) base group T as in the 
remarks preceding the above lemma, then the corresponding covering M is, topologically, 
an infinite tube with an infinite sequence of handles attached; and Z acts transitively and 
freely on this collection of handles. In particular, for any end E, the image of 7Ti (E) is not 
finitely generated. This illustrates how the lemma and the theorem fail if the base group 
is not assumed to be finitely generated. 

Completion of the proof of Theorem \U.3l It remains to show that any properly ascending 
HNN extension A with finitely generated base group V and stable letter r is not Kahler. 
For this, we assume that A = tti(X) for some connected compact Kahler manifold X and 
reason to a contradiction. 

Let A = {J m( ziT m TT~ m and let T: X —> X be a connected (Galois) covering space 
with T^ni(X) = A. According to Lemma 15.41 im ^Ki(E) — ► 7Ti(X)] is finitely generated 
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for some end E of X. In particular, this image group is of infinite index and hence, by 
Theorem IQ.lj there exists a proper holomorphic mapping <f> with connected fibers of X 
onto a Riemann surface S, with e(S) = 2. The action of Z = A/A on X descends to 
a properly discontinuous action of Z on S and, since Z is torsion-free, the action is free. 
Thus we get a commutative diagram 



Z/X = X 




s = z\s 



where 9 is an (unbranched) infinite covering map, S is a compact Riemann surface, and $ 
is a surjective proper holomorphic map with connected fibers. In particular, the singular 
fibers of $ are precisely the liftings of the singular fibers of $. 

By the second conclusion of Lemma 15.41 we may assume that E = for some 

end F of S with smooth boundary. Hence im [tti(F) — > 7r 1 (S')] is finitely generated and, 
therefore, the Riemann surface F is of finite type. Thus F contains an end D which is 
isomorphic to either a punctured disk or an annulus. 

Moreover, im [7r° rb ($ \%) — > vr° rb ($)] is finitely generated. If F contains a point p such 
that the greatest common divisor of the multiplicities of the components of the divisor 
is greater than 1, then F contains infinitely many such points (since the singular 
fibers are liftings of the singular fibers of $). Hence 7r° rb ($ \e) contains an infinite free 
product of finite cyclic groups which injects into 7r° rb (<f>). But this contradicts the finite 
generation property. Thus F cannot contain such points and therefore, applying the action 
of Z to move the fibers over points in S\F into F, we see that, for each fiber of $ or $, the 
greatest common divisor of the multiplicities of the components is 1. Thus ^i(S) = 7r° rb ($) 
is infinitely generated and hence, in particular, S C*. Hence S is a curve of genus g > 2 
and therefore, since a punctured disk end for S would imply the existence of a parabolic 
element in 7Ti(S), the end D C F must be isomorphic to an annulus. 

On the other hand, X admits a proper pluriharmonic function a : X — ► R (for example, 
one may take a to be the integral of the lifting of a closed real harmonic 1-form on X which 
integrates to 1 on r, and on A). The function a descends to a proper (pluri) harmonic 
function (3: S — ► R. This implies that S is parabolic. For assuming, as we may, that ±1 
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is a regular value for /3, the harmonic function \[3\/R on the set { x e S | 1 < \/3(x)\ < R} 
vanishes on /3 -1 (±l) and is equal to 1 on j3~ 1 (±R). Letting R — > oo, we see that the 



vanishes. Thus we have again arrived at a contradiction and, therefore, A cannot be 



6. Principal functions and the Evans-Selberg potential 

For the convenience of the reader, the proof of Sario's existence theorem of principal func- 
tions |RS] and Nakai's construction of the Evans-Selberg potential |Nalj . |Na2j . |SaNoj are 
provided in this section. These facts were applied in jNRlJ. However, it is difficult to 
find proofs for a general oriented Riemannian manifold in a convenient form in the liter- 
ature. This section will not appear in the version submitted for publication. Throughout 
this section, (M, g) will denote a connected noncompact oriented Riemannian manifold of 
dimension n > 2. 

A. Principal functions. Throughout this subsection, we will assume that (M,g) is par- 
abolic and M will denote a C°° relatively compact domain in M. In this subsection, we 
recall the following theorem of Sario RS : 

Theorem 6.1 (Sario). If u is a continuous function on M \ M which is harmonic on 
M \ M and satisfies the flux condition: 



then there exists a harmonic function v on M such that u — v is bounded on M\ M . 

Remarks. 1. This theorem is also true in the hyperbolic case, but we will only need it for 

the parabolic case. 

2. The flux condition gives 



harmonic measure of the ideal boundary of S with respect to { x G S \ \(3{x)\ < 1} 



Kahler. 



□ 





for some (hence for every) C°° relatively compact domain Q containing M . 



For the rest of this subsection, we will assume, as we may, that M \ M has no relatively 
compact connected components. 
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Lemma 6.2. There exists a linear map 

L : C°(dM ) -> Harm (M \ M ) H C°(M \ M ) 
suc/i i/ioi, /or every continuous function a on OMq, we have: 

(i) (La) fa A fo= a , 

(ii) miriaMo a < La < maxgM a, and 

Remark. Such an operator L is called a normal operator for M \ Mo. 

Proof of Lemma \6.£\ Let {Mfc}^ =1 be a fixed exhaustion of M by C°° relatively compact 

domains containing Mo, and, for each positive integer k, let Vk be the harmonic measure 

of dMk with respect to M& \ Mo- Given a continuous function a on <9Mo, for each positive 

integer k, let Wk G Harm (M^ \ Mo) fl C°(Mk \ Mo) be the function which vanishes on dMk 

and is equal to a on dM . Since M is parabolic, \ uniformly on compact subsets of M\ 

M . Since the sequence of nonnegative functions {wk — (min,9Mo a )(l ~ v k)} is bounded and 

nondecreasing, Harnack's principle (Lemma 1.3) implies that the sequence {wk} converges 

uniformly on compact subsets of M \ M to a function w G Harm (M \ M ) fl C°(M \ M ). 

We set La = w. It remains to verify the properties (i), (ii), and (iii). The property (i) is 

clear. The property (ii) follows from the minimum principle for superharmonic functions 

on parabolic manifolds (see Sect. 1). Finally, to verify the property (iii), we observe that 

dw k f dw k f dw k 

v k - 



dMi ® V JdM h ® v JdM k 9u 



dw k f dw k 



<)iM, M>) 9u J 9Ml 3v 

dv k f dw k 



d(M h \Mi) ® v J dhh 9u 

dv k f dw k 



., w k + v k — > u as k — > oo. 



Therefore 

dw f dw f dw 



»Mo du J dhh du *™°JdMi du ° 
Thus L is a normal operator. □ 



Next we recall the following important consequence of Harnack's principle: 
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Lemma 6.3 (g-lemma) . Given a compact subset K of an oriented Riemannian manifold N , 
there exists a constant q G (0, 1) such that 

q inf u < u(x) < q sup u Wx G K 

N N 

for every harmonic function u on N which changes sign on K . 

Proof of Theorem \6. 1\ Since L(u \dM ) is bounded, u — v will be bounded for a given 
function v if and only if u — L(u \sm q ) —v is bounded. Hence we may assume without loss 
of generality that u vanishes on 8Mq. 

Fix a C°° domain Q with M <s <s M and let K : C°(dn) -> Harm (fi) n C (n) be the 
linear map which associates to each (finitely) continuous function a on dQ the continuous 
function on Q which is harmonic on Q and equal to a on dQ. Clearly, it suffices to find a 
harmonic function v on M such that 

u-v = -L((K(v fan)) fsMo) 

on M \ Mo; since the right-hand side is bounded. For this, we need only find a solution 
a G C°(dQ) to 

(1) (I-J)a = u \ dn 

where J : C°(dQ) — > C°(<9f2) is the continuous linear operator defined by 

J a = (L((Ka) \ dM )) \ m Va G C°{dtt). 

For the function v defined by 

v \q= Ka and v \( M \m )= u + L((Ka) \ dM ) 

will then have the required properties. For this, we will prove uniform convergence of the 
series 

oo 

tflo). 

m=0 

The sum a G C°(<9fi) will then be a solution to equation (1). 

We first prove two identities. Let w be the harmonic measure of dQ with respect to 
Q\M . Then 

(a) f dMo P% = /ao(^)S V ^ e C ^); and 

(b) L„(^)£ = L^ V/3GC°(aO). 
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For the proofs, it suffices to consider C°° functions since C°°(dMo) and C°°(dQ) are dense 

in C°(dM ) and C°(0fi), respectively. If p £ C°°(dM ), then L(3 is harmonic on M \ M 

with C°° boundary data. Therefore L(3 £ C°°(M\M ) and 

^<9w [ fTO ,dw f rro .dw f d(L/3) f d(L/3) 
13—= / (Lp)—= / (LP)— - / + / 



dM du J dMo dv J m du J m du J dMo du 



Jan du 



ion 

since w = on <9Mo, to = 1 on dQ, and L/3 satisfies the flux condition (iii) of Lemma Ifo. 21 
Thus the identity (a) is proved. The proof of (b) is similar. 

Next we show that the function KJ m (u \qq) changes sign on dM for every nonnegative 
integer m (which will allow us to apply the g-lemma). In fact, we show that 



( KJ m (u\ dn )^ = 0. 

JdM OV 



Since ^ > on <9M , it will follow that KJ m (u \qq) changes sign on dM . For m 

the identity (b) implies that 

t _ . . ,,dw f dw f dw f du f du 
(K(u\ m ))—= u—= u—+ ttW- ^w = 



8m du J m du J aMo du J m du J dMo du 

since u = w = on dM , w = 1 on dQ, and w satisfies the flux condition. If m > 0, then, 
by the identities, 

dw f dw 
(KJ m (u \oa))^- = / J m (u tan — 



L((KJ m -\u \ m ) \ 9Mo ] 



dw 

,-,<> <9z/ 



The claim now follows by induction on m. Thus KJ m (u \qq) is a harmonic function on f2 
which changes sign on the compact set dM^. Therefore, by the g-lemma, there exists a 
number q £ (0, 1) (independent of m) such that, for each nonnegative integer m, 

qmm(KJ m (u \ dn )) = qinf{KJ m (u \ 9n )) 

< KJ m (u \ dn ) \ 9 M 

<qsup(KJ m (u \ dn )) 
n 

= qmax(KJ m (u tan))- 
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Hence 

qmm(J m (u tan)) < (KJ m (u tan)) U/ < qmax(J m (u tan)) 

oQ oil 

since KJ m {u \qq) = J m (u \qq) on dQ. By the property (ii) of the normal operator L 
stated in Lemma f6. 21 we get 

max(J m+1 (u tan)) = max(L((^J"> \ dn )) U/ )) 

ail oil 

< mMKJ m {u fan)) 

< gmax(J"> tan))- 

as 2 

Similar inequalities hold for the corresponding minima. Therefore, by induction on m, we 

get 

g m minM < min(J m (M tan)) < max(J m (w \ dn )) < q m maxu. 
an an an an 

Since < q < 1, the series 

oo 
m=0 

converges uniformly on (9fi and the proof is complete. □ 

B. Green's potentials and the energy principle. In this subsection, we recall the 
facts concerning Green's potentials which are used in Nakai's construction of the Evans- 
Selberg potential. We include sketches of some of the proofs. For more details the reader 
may refer to |Anj and jM]- Throughout this subsection, we will assume that (M,g) is 
hyperbolic with Green's function G. 

A nonconstant nonnegative superharmonic function ip on M is called a potential if, for 
every harmonic function u with < u < ip on M, we have u = 0. For example, G x is a 
potential for each point x G M. 

Given a positive regular Borel measure /i supported in a compact subset K of M, the 
function : M —* [0, +oo) given by 

G^x)= [ G(x,y)dfx(y) V x e M 

J M 

is a potential called the Green's potential of \x. Moreover, G^ is harmonic on an open subset 
of U if and only if fi(U) = 0. 

We will need two well-known facts concerning Green's potentials. The first is the fol- 
lowing: 
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Lemma 6.4. Suppose p is a potential on M which is harmonic on the complement of some 
compact subset K of Lebesgue measure zero in M. Then there exists a positive regular Borel 
measure p on M (supported in K) such that <p = G^. 

Remark. In fact, every potential is a Green's potential, but we will only need to consider 
this special case. For the general case, see |Anj . The general fact is the key element in the 
proof that the distributional Laplacian of a subharmonic function is a positive measure. 
Moreover, one can prove that the measure p is unique. 

Proof of Lemma \b\J\ We first show that we may assume without loss of generality that M 
is a C°° relatively compact domain in an oriented Riemannian manifold (M', g'), g — g' \m, 
and the restriction of tp to M\K vanishes smoothly at DM. Let {Mk} be an exhaustion of 
M by C°° relatively compact domains containing K, and, for each k, let Gk be the Green's 
function on Mk- Given an upper semicontinuous function a and a C°° domain Q in M 
with Green's function G, we denote by pn{ct) the harmonic function given by 



Since ip is harmonic and therefore of class C°° on M \ K, for each k, the function 



is a potential which is C°° on \ K, harmonic on \ K, and identically equal to 
on dMk- Moreover, since 



on Mfc. By Harnack's principle, the sequence of functions {pm k converges uniformly 
on compact subsets of M to some harmonic function h satisfying < h < if. Since ip is a 
potential, h must vanish identically and therefore ip — ipk \ uniformly on compact sets 
as k — > oo. 

Now suppose that, for each k, ip k = {Gk)^ k for some positive regular Borel measure fik- 
Then fi^ is supported in K since ipk is harmonic on M \ K. Fixing any point Xq € M \ K, 




'ipk = <p- PmM 



PM k+1 ((f) <P = PmM 

on dMk and the functions PM k+1 {p) and pM k (<p) are harmonic, we have 



< PM k+1 (p) < PM k (y?) < V and ipk+i >ipk>0 
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we get 

Hk(M) = J dfj,k(y) < ^min(Gfc) X0 )^ J G k (x ,y) d/i k (y) 

mm^)^)^ ip k (x ) < (™n(G k ) X0 )^ p(x ) < +00. 

Hence the sequence {fi k (K)} is bounded. Thus, by passing to a subsequence, we may 
assume that the sequence of measures {/!&} converges weakly to some positive regular 
Borel measure fj, supported in K; that is, 

/ a d/ik — > / 01 d/i 
Jm Jm 

for every continuous function a on M. On the other hand, for every point x G M \ K, G x 
is continuous on K and G — G k — > uniformly on compact subsets of M x M. Therefore 

G li (x)= / y) = lim / G(x,y) d/i k (y) 
Jk k ^°°J M 

(G(x,y) -G k (x,y))d/i k (y)+ / G k (x,y) d/i k (y) 
: Jk 



lim 



UK 



= lim (G k )^ k (x) = lim tp k (x) = ip(x). 

k— >oo fc^oo 

Therefore G M = </? on M\K. But G M and </? are superharmonic and the set K has Lebesgue 
measure zero. Therefore G^ = </? on M. Thus we may assume that M is a C°° relatively 
compact domain in an oriented Riemannian manifold (M',g'), g — g' \ M , ip is of class C°° 
on M \ K, and y? = on <9M. 

Next, we approximate ip by Lipschitz continuous potentials. Let {fl m } be a sequence 
of C°° relatively compact open sets in M such that 

00 

Q m 3> fi m+ i Vm= 1, 2, 3, . . . and f2 m = K. 

m=l 

For each m,let p> m be the Lipschitz continuous potential defined by 

( ip(x) if x E M \ Vt m 

<p m {x) = (VnM)(x) = < 

1 (PflmlWiW ifxei2 m . 

Then </? m is harmonic on M \ dQ m , p> m is smooth up to the boundary on M \ Q m and 
on Q m , and ip m < (p m +i < y? on M. In particular, the sequence {y? m } converges to a 
superharmonic function on M. Since this function is equal to ip on M \ K and K has 
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Lebesgue measure zero, we get tp m S tp on M. We will prove that each function tp m is a 
Green's potential and then pass to the limit to obtain a Green's potential equal to tp. 
For each positive integer m, let u m = pn m (p) = tp m \^ . Then 



d_ 

dv 



(u m — tp) > on dVL r 



because u m — tp < on Q m and u m — tp = on dQ m . Let r n _i denote the volume of the unit 
sphere in W 1 . It follows that the distributional Laplacian of the function — tp m /((n — 2)r n _i) 
determines a positive regular Borel measure 



(n - 2)r n _i 



du m 
dv 



dp 
du 



da m , 



where da m is the volume element on dQ m . For if a is a C°° function on M which vanishes 
on dM, then, since u m = p on dQ m , 



[ (Aa)p m dV= [ (Aa)tpdV+ [ (Aa)u m dV 



-I 



da . f dtp 

—tpda m + / a— da m 
dv Jao- dv 



8Q„ 

u m dcx m 



=-/ 



f da 

Jan m dv 
du rn _ dtp 
dv dv 



du m 
a— — aa n 

dn m dv 



do r . 



Moreover, tp m = G Mm . For if x e M \ VL m and G* is the Green's function on M \ Q m , then, 
since G x is harmonic on Q m , G x — G* x and tp are harmonic on M \ Q m , G x , G*, and tp are 
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equal to zero on dM, and G* x = and <p = u rn on dQ m , we have 

(n - 2)r n _ 1 G Alm (x) = (n - 2)r n _i / G(x, y) d/i m (y) 

Jm 



G(x,y) 



8Qr, 



du m dip ' 



da m (y) 



X j 



<9z/ 



G x -^- da r , 
av 



= / 

[ dG * a f r d * a 

= / -5— <fda m - I G x —da. 

id 



■if da m - j (G x - G* x )^f- d<7 n 



+ 



8g: 



'an m dv 
d(G x - G* x ) 



ip da r , 



dM 



dv 



ip dcr m - j (G x - G* x )— da m 



dG* x , 
-tp da Ti 



dM 



-I 



d(M\n m ) 
9G* X , 



dv 



d(M\n m ) 

= (n- 2)T n ^ 1 ip(x) = (n - 2)T n _ 1 ip m (x). 

Therefore G Mm = <p = ip m on M \ Q m . Similarly (by working with the Green's function 
of fl m ) one can show that G Mm = u m = ip m on Q m . Since G^ m and <p m are superharmonic 
and dVL m has Lebesgue measure zero, G^ m and ip m are equal on M. In particular, G Mm = 
<Pm /" <P as m — > 00. 

Since w m is harmonic on f2 m and </? is harmonic onM\_ft'3)fi 1 \ Q m , we have 



J dClr, 



dfl r , 







~du m 


dip 


(n - 2)r n _i 


/ 


dv 


dv 



da r , 



(n 



1 / 

2)r n _i J d 



dip 
an m dv 
dip 



dcr r , 



(n - 2)r n _! 

Thus {/i m (M)} is a bounded (in fact, constant) sequence and therefore, by replacing {fj, m } 
by a subsequence (if necessary), we may assume that {/i m } converges weakly to a positive 
regular Borel measure |ionM supported in K = f] m Q m . If x e M\K, then, for m a 
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sufficiently large positive integer, the function G x is finite and continuous on fi mo and, for 
m > mo, 



Thus (p = Gfj, on M \ K. Since K has Lebesgue measure zero and these functions are 



The second fact which is needed in Nakai's construction of the Evans-Selberg potential 
( |Nalj and jNa2j) is the energy principle, which is an analogue of the Schwarz inequal- 
ity. Given two compactly supported positive regular Borel measures A and /i on M, the 
nonnegative numbers 



are called the mutual energy of fi and A and the energy of /i, respectively. 

Lemma 6.5 (Energy principle). For all compactly supported positive regular Borel mea- 
sures [A and X, we have 

(A*, A) < \\fi\\ ■ ||A||. 

Proof. Recall that M admits a minimal heat kernel; that is, a positive C°° function 

P : M x M x (0, +oo) -> (0, +oo) 

such that for all x, y G M, 




Passing to the limit as m — > oo, we get 




superharmonic, (p = G^ on M. Thus the lemma is proved. 



□ 





Moreover, for allt, s > 
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(see |Chaj ) . Therefore 

(//, A) = / / G(x,y)dn(x)dX(y) 

J M J M 

I P{x,y,t) d/j,(x)d\(y)dt 
n JMJM 

oo 



In particular, 



J M 



P(x,z,t/2)d f i(x))l / P(y,z,t/2)dX(y) 

M / \Jm 



P(x,z,t/2)dii{x) ) dV(z)dt 

JM \J M 



dV{z)dt. 



and similarly for ||A|| 2 . Therefore, by the Schwarz inequality, 

- rco r / r \ 2 ] 1 / 2 

(/i,A)< / / ( / P(x,z,t/2)drtx)\ dV(z)dt 

v 2 -I 1/2 

P(y,z,t/2)d\(y) dV(z)dt 



J M VM 

oo 



L-'O J Af \JM 

\fi\\ ■ ||A||. 



□ 



Remark. For a different proof see |M 



C. Evans-Selberg potential. In this subsection, we recall Nakai's construction of a 
harmonic exhaustion function on the closure of an end of a parabolic Riemannian manifold 
|Nalj and |Na2j (see also |SaNoj ). We begin with two useful facts: 

Lemma 6.6. Suppose M is an oriented Riemannian manifold, N is a topological space, 
and H(x, y) is a positive function on M x N which is harmonic in x and continuous in y. 
Then H is continuous on M x N . 

Proof. Let (xq, yo) be a point in MxN. By the Harnack inequality, there exists a continuous 
function 5 : M x M — > [0, +oo) such that S vanishes on the diagonal and 

(1 + 5(x, xo))" 1 ^^, y) < H(x, y)<{l + S(x, x ))H(x , y) 

for all points x G M sufficiently close to Xq and all points y G N. Hence 

\H(x,y) - H(x ,y)\ < 5(x, x )(l + 5(x, x ))H(x , y). 
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Since the function H(xo, •) is continuous on N, H(xo,y) — > H(x ,y ) as y — > yo- It now 
follows easily that 

|#(:r,y) - #(x ,yo)| < l#(z,y) - H(x ,y) \ + |i?(x ,y) - i?(x ,yo)| -> 
as (a;, y) — > (xq, yo)- Thus if is continuous at (xo,yo)- □ 

Lemma 6.7. Suppose M and N are two oriented noncompact connected Riemannian man- 
ifolds and H(x, y) is a positive function on M x N which is harmonic in each variable. 
Then H is Harmonic with respect to the product metric on M x N . In particular, H is of 
class C°°. 

Proof. By the previous lemma, H is continuous. Moreover, given a smooth compactly 
supported function a on M x N, we have 



/ H(x, y)Aa(x, y) dV(x, y) = 

JMxN jm 



+ 



H(x,y)Aa x (y) dV{y) 



N 



dV(x) 



N 



H(x,y)Aa y (x) dV(x) 

M 



dV{y) = 0; 



where, in each integral, A and dV denote the appropriate Laplacian and volume element, 
and, for each x G M and y G N, a x = a(x, •) and a y = a(-,y). Thus H is harmonic on 
M x N. □ 

Stone-Cech compactification. Let X be a topological space. We will call a continuous 
map / : X — > [— oo, +oo] a continuous function on X and we will denote the space 
of continuous functions by C(X). If f{X) C (— oo,+oo), then we will call / a finitely 
continuous function. We will denote the space of finitely continuous functions by C°(X). 

If X is locally compact Hausdorff, then the Stone-Cech compactification X is the unique 
Hausdorff compactification of X to which every continuous function on X extends contin- 
uously. The set T = X \ X is the Stone-Cech boundary of X. 

Green's function on the Stone-Cech compactification. For the rest of this subsection, we 
will assume that (M, g) is parabolic. M will denote the Stone-Cech compactification of M, 
T will denote the Stone-Cech boundary of M, and M will denote a fixed (nonempty) C°° 
relatively compact domain in M with connected boundary. 

In particular, the manifold M\M is connected and hyperbolic. For if Mi and £1 are C°° 
domains in M with 

M (e Mi m M and Q d M \ Mi, 
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u is the harmonic measure of the ideal boundary of M\Mq with respect to the complement 
of Q, and v is the continuous function on M\ \ Mo which is harmonic on M\ \ Mo, equal 
to on dMi, and equal to 1 on <9M , then v < u < 1 on Mi \ M C (M \ M ) \ H. Hence 
u ^ 0. 

We will denote the Green's function on M\Mo by G(x, y). In the above, we may extend u 
continuously to dM by the constant 1. Thus every sequence in M \ M approaching <9M 
is a regular sequence. Hence if we extend G to a function on (M \ M ) x (M \ M ) by 
setting 

G{x, y) = if x G <9M or y e dM , 

then, for each point xo e M \ M , the function G Xo is continuous on M \ M . In fact, by 
Lemma f6. 41 G is continuous on the set 

[(M \ M Q ) x (M \ M )] \ (dM x 9M ). 

Nakai's main observation is that the Green's function G(x, y) may be continuously ex- 
tended, in each variable, to the Stone-Cech boundary. More precisely, we have the follow- 
ing: 

Proposition 6.8 (Nakai). The Green's function G on M \ Md extends to a function 

G : (M \ M ) x (M \ M ) -> [0, +oo] 

given by the double limit 

G(x , y ) = lim I lim G(x, y)) Vx , y G M \ M , 

where, in the above limits, x,y G M \ M . Moreover, this function has the following 
properties: 

(i) G(x, y) = G(y, x) V (x, y)e(M\ M ) x (M \ M ); 

(ii) (5 continuous on [(M \ M ) x (M \ M )] \ (<9M x <9M ) and finitely continuous 
on (M \ M ) x T; 

(iii) For each point y G M\ M 0; t/ie function G y = G(-,y) is continuous on M \ M , 
harmonic on (M \ M ) \ {y}, and eg^a/ to on <9M ; 

(iv) For eac/i pozni y E M (y e dM ), G y > f = 0y on M \ Mq; and 
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(v) For each point y £ M\ Mq, 

< G, '-(x) da(x) = (n— 2)r n _i. 



8M ® v 

Remark. It is not clear that G is symmetric on (M \ Mo) x (M \ Mo) since, for x £ V, it 
is not clear that the function y \—> G(x, y) is continuous on M \ M . 

Proof of Proposition UTR For each point x £ { }, the function 

0, = G(x, •) = x) : M \ M -> [0, +oo] 

is continuous and hence extends to a continuous function on M \ M . Thus the function 
G*(x,y) defined by 

G*(x, y) = G*(x) = MmG(x,z) V(x,y) £ (M\M ) x (M\M ), 

with z £ M \ M is an extension of G which is continuous in y for each fixed 
x £ M\M . We show that, for each fixed y £ T, the function G* o is continuous on M\M , 
positive and harmonic on M \ M , and identically equal to on dM . 
Suppose Qi and f2 2 are domains with 

fti <s fi 2 (s M \ Mo. 

Then, by the Harnack inequality (Lemma 1.2), there exists a continuous function 5 : 
Q2 x ^2 —* [0, +oo) such that 5 vanishes on the diagonal and, for every positive harmonic 
function a on n 2 , 

\u(x) — u(xq)\ < 5(x, xq) max(«(x), u(xq)) Vx, x £ O x . 
Next, observe that 

< G(ar,2/) < a=_max G < +oo V(x,y) £ Hi x ((M\M ) \fi 2 ). 
For if Q is a C°° domain with 

fi 2 m Q, <e M \ Mo, 

and G" is the Green's function of Q, then, for each point x £ fix, G' x iVm^) * s a positive 
harmonic function which vanishes continuously at dfl. Hence 

G 'x f(n\n 2 )< m-axG^ < _max G". 
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Since G is the pointwise limit of an increasing limit of such Green's functions, the inequality 
follows. It also follows that the collection of positive finitely continuous functions Q = 
{ G y t ni I y e (M \ M ) \ Vl 2 } is precompact in C ^). For if y G (M \ M ) \ Q 2 , then G y 
is bounded by a and harmonic on Q 2 - Hence 

(G^x) — G y (x )| < aS(x, x ) Vx, x G fii. 

Since <5(x, xo) — > as x — > xo, is bounded and equicontinuous, hence precompact, by 
Ascoli's Theorem. 

Now let {y a } be a net in (M\Mq) \Q 2 which converges to the given point yo G T. Then, 
by passing to a subnet, we may assume that {(G Va ) \q } converges uniformly on f2 x to the 
function G* o f^. In particular, G* o is nonnegative and harmonic on Q\. 

Finally, for a fixed point x E Q\, the function G XQ is continuous, positive, and super- 
harmonic on M \ M . Hence, if Qq is a C°° domain with 

M m fi <s M\Q U 

then, by the minimum principle for parabolic manifolds, 

inf G xo = min G xo > _min G(x, y) = b > 0. 

Therefore 

G * yo M = limG y a ( x o) = KmG X0 (y a ) > 6 > 0. 

Therefore G* o > on f^. Since the domain Q 1 <<= M \ M is arbitrary, the function G* o is 
positive and harmonic on M \ M . 

Next we verify that G* Q is continuous at 8Mq. It is clear from the definition that G* Q 
vanishes on <9M . Let Q be a C°° domain with 

M <e Q <s M. 

Then <9f2 is a compact subset of M \ Mo. By the above discussion, every net {y a } a( zA in 
M \ M Q converging to the given point y G T admits a subnet {y^^B in M\Q such that 
{G y/3 } converges uniformly on <9f2 to G* Q . For all /3, 7 G B and i6fl \ M , we have 

|G W (x) - Gj, 7 (x) I < max|G v -G y _\< max|G w - 

f2\Mo " iz 
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because G yf3 and G y are harmonic on Q\Mq and equal to on dM$. Since {G Vi } converges 
to G* Q pointwise on fl \ M and uniformly on dfl, we get 



Hence 



\G yg {x) - G* yo {x)\ < max|G tf/J - G* yo \. 



sup \G yg - G* yo \ < maxjC^ - G* yo \ -> 0. 



Therefore the continuous functions {G y/3 } converge uniformly onfi\ M to G* o and hence 
G* o vanishes continuously at dM . 

Thus, for each point y G M \ M , the function G* o is continuous on M \ M . Hence 
G* Q extends to a continuous function G yo on M \ M . We may therefore define G(x ,y ) 
for each pair of points x , y G M \ M by 

G(x ,y ) = G yQ (x ) = lim ( lim G(x,y) ) = lim ( G* (x) ]; 

where, in the above limits, x,y G M \ M . 

We now verify that G has the properties (i)-(v). Given points x G M \ M and y G 
M \ M , we have 

G(y,x) = lim I limG(z,w) I = limG(z,x) = Mm G(x,z) 

z^y \ w^x J z^y z^y 

= G* y (x) = G y \m\m (x) = G(x,y). 

with w,z G M \ M . Thus (i) is proved. 

The properties (iii) and (iv) follow by construction. 

By the above discussion, given a cpt set K in M \ M and a point y G T, every net 
{y a } in M \ M converging to y admits a subnet {yp} such that {G y[j } converges to G* 
uniformly on K. It follows that G y — > G* Q uniformly on K as y G M \ M approaches yo- 
Moreover, we have shown that the functions G y are uniformly bounded on K for y G M\M 
near y Q . Hence G yo = G* is bounded on K. 

Since G = G on ((M \ M ) x (M \ M )) \ (dM x <9M ), in order to prove (ii), it remains 
to show that G is finitely continuous at each point (x , yo) G (M \ M ) x T. By the above 
remarks, G(xq, yo) < +oo and for points x G M\ M near xq and y & M \ M near y , we 
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have 

\G(x,y) - G(x ,y )\ < \G(x,y) - G(x,y ) \ + \ G(x,y ) - G(x ,y )\ 

= \g v (x) - g; o (x)\ + \g; o (x) - g; o (x )\ - o 

as (x,y) — > (x ,y ). Thus we need only consider points in (M \ M ) x T approach- 
ing (x ,yo). Moreover, the term G(x,y ) — G(x ,yo) is independent of y and approaches 
as x approaches xq. Thus it remains to show that 

\G{x,y)-G{x,y )\^0 as (x, y) -> (x , y ) with (x,y) G (M \ M ) x T. 

If z is a point in M \ M , then 

\G(x, y) - G(x, y )\<\ G(x, y) - G(x, z) \ + \G(x, z) - G(x, y ) \ . 

Since G z = G z converges uniformly to G* on a relatively compact neighborhood of xq as 
z G M \ M approaches yo, given a positive real number e there exists a neighborhood U 
of in ^ such that 

-G(x,y )\ < e - Vze(M\W )nU. 

Hence, given a point y G U fl T and a point z G (M \ M ) fl C/ so close to y that |G(x, — 
G(x, z)\ < e/2 for all points x G M \ M near x , we get 

\G(x,y)-G(x,y )\ < e. 

Thus the claim is proved. 

For the proof of (v), let y e M\ M , let {M k } be an exhaustion of M by C°° relatively 
compact domains containing M U {yo}, let fl be a C 00 relatively compact domain in 
Mi \ M containing y , and, for each positive integer k, let Gu be the Green's function 
on Mfc \ Mo and let v k be the continuous function on M& \ (Mo U Q) which is harmonic 
on M k \ (Mo U f2) , equal to 1 on <9M U dil, and equal to on dM k . Then the function 1 — v k 
is nonnegative and not greater than the restriction of the harmonic measure of dM k with 
respect to M k \ M . Therefore, since M is parabolic, v k — > 1 uniformly on compact sets 
in M \ (M U Consequently, Vv k — > uniformly on compact subsets of M \ (M U Vt). 

The function G yo — {G k ) yo is positive and continuous on M k \M , harmonic on M k \ M , 
and equal to on <9M . Moreover, G yo — (G k ) yo — > uniformly on compact subsets 
of M \ M . For {(Gfc) ?/0 } dominates a sequence of Greens functions on relatively compact 
domains exhausting M \ M and hence G yo — (G k ) yQ — > uniformly on compact subsets 
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of M \ Mq. By applying the maximum principle and the fact that G yo and the functions 
{{G k ) yo } vanish on 8Mq, we get uniform convergence near 8Mq as well. In particular, 
VG yo — V(Gk) yo — > uniformly on compact subsets of M \ M . Therefore 



V M k \{M Q lM){{ G k)y ,V k ) = / _ <V(Gfc)w>Vu fc > 

JMAtMnUfl) 



Vk 



M k \{M UQ) 

f 9(G k )y {) 

Jd(M k \(M ua)) du 
[ d(G k ) yo ^ f d{G k ) w f djGj^ 

/ q V k - / r V k - / q Vfc 

JsM fc w J9M <?z/ J an du 

9(G k ) yo 



= _ f d(G k ) yo r 

JdMo du J m du 
= _ f d(G k ) yo _ I d(G k ) yo 

JdM' 9U Jg, 



tan du 

where Mq is any C°° relatively compact domain in M x \ Vt containing M . Hence 



^ > M k \(M U(i)(i. G k)y ,Vk) 



dG yo f dG y ^ f dG y ^ f dG yo 



8M' du J m du J dMo du J m du 



as k — > oo. On the other hand, we have 

^M k \(M un)((Gk)y ,Vk) = [ (Gk)y -K- 

Jd(M k \(M un)) OV 



f (r \ dv k f d(G k ) yo ^ f d(G k ) yo 

-~ / O*jj/o"5 r / ~ V k - / V k 

Jan' du J m , du J m du 

3Gyo f dGyo =0 as k -> oo; 



'aw du J dn du 

where f2' is any C°° relatively compact domain in M\ \ M containing f2. Hence if G is the 
Green's function on Q, then 

dGy f dG yo f dG yo t f d(G yo — G yo> 



f dG^ = _ f dG yi = _ f dG^ + f 
JdMo du J dQ du J dn du J dQ du 

dGyo 1 = (n - 2)r n ^ 



an 



du 
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since G yo — G yo is a C°° function on f2 which is harmonic on the interior. 

Finally, suppose yo G T and let M\ be a C°° relatively compact domain in M contain- 
ing M . Then, as y — > with y <E M \ Mi, — > G yo uniformly on Mi \ M ; and 
therefore 

(n-2)r nl =! ^->/" - / gg^g 

The claim (v) follows. □ 

Transfinite Diameter and Tchebycheff constant. Let if be a compact subset of M \ 
M . Given an integer m > 1 and points Xi,...,x m G if, let D m (K, x±, . . . , x m ) = 
D m (xi, . . . , x m ) and E m (K, x-y, . . . , x m ) be the following numbers: 



D m (xi, . . . ,x m ) = ( ™ j G , (x i ,x J ) 



l<i<j<m 

and 

1 



E m yK, X\ ) . . . , x m ) 

m \x 



^2G(x,Xi) J. 
i=i 7 



We then define D m (A") and £ m (if) by 



and 



The numbers 



D m (K) = inf D m (xi,...,x m ) 



E m (K)= sup E m (K,x u . . . ,x m ). 



D(if) = sup D m (A") and £(if ) = sup £ m (if) 

m>0 m>0 

are called the transfinite diameter of if and the Tchebycheff constant of if, respectively. 

Lemma 6.9. For every compact subset if of M \ M , 

(i) D m (K) / D(K) and E m (K) -> £(if) osm^ 00; and 

(ii) < D(K) < E(K) < +00. 
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Proof. Given a positive integer m and points x±, . . . , x m+ i G K, we have, for each k = 
1, . . . ,m + 1, 

(jjj _|_ j\ ^ ^ ^ 
)= G(xi,Xj)+ Y G(x hXj ) 
' l<i<k k<j<m+l 

l<i<j <m+l; i ,j^k 

= ^ G(xj,Xj) + 

1<«<A: k<j<m+l 

( m \ n 

+ I I (^1 j • • • j x k j • • • j ^m+1 ) 

> ^ G(x i ,x j )+ Y G(x h Xj) 

\<i<k k<j<m+l 

+ (£)D m (K), 

where (xi, . . . , Xk, ■ ■ ■ , x m +i) denotes the m-tuple obtained by removing the k th term from 
the (m + l)-tuple (x±, . . . , x rn+ i). Summing over k, we get 

(777 ~\~ 1 \ / 777 ~t~ 1 \ 

JD m+ i(xi, . . . ,x m+1 ) > 2( ID m+ i(xi,...,a; m+ i) 

+ (m+l)Q^ m W. 

It follows that D m+ i(xi, . . . , x m+1 ) > D m (K). Therefore 

D m {K) < D m+1 {K) ^ D{K) as m -> oo. 

Given positive integers m and / and points xi, . . . , x m+ ; G i^, we have 

i+i 



(in in-\-i \ 

J~]G(x,Xi)+ G{x,Xi)) 
z — * ^— ' / 
j=l i=m+l 7 

(m \ i m+l \ 

i=l 7 H=m+1 7 



i=m+l 

= mE m (K, x 1 ,...,x m ) + lEi(K, x m+1 , x m+ i). 
Therefore (m + l)E m+ i(K) > mE m {K) + lEi(K). Let g and r be integers satisfying 

m = ql + r and < r < I. 
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By the above, we have qlE q i(K) > (q — l)lE( q _^i(K) + lEi(K). Proceeding inductively, 
we get qlE q i(K) > qlEi(K). Therefore 

mE m (K) = (ql + r)E ql+r (K) > qlE ql (K) + rE r (K) > qlEi(K). 

Hence 

E(K) > E m (K) > (^—] El {K). 



ql + r t 

For fixed I, we have q — > +00 asm-> +00 and < r < I. Thus 

E{K) = sup E m (K) > lim sup £ m (iT) > Urn mf E m {K) > E t (K) 

m>0 m— >oo m— >oo 

for every positive integer I and hence 

E(K) = lim £ m (AT). 

m—*oo 

Thus (i) is proved. 

Given a positive integer m, there exist points xi, . . . , x m G K such that 



[•Km— ii •Ej, 



(1) iEi(K,x m - i+1 , . . . ,x m ) = ^2 

for i = 1, . . . , m — 1. To see this, let x m G if be arbitrary, let 1 < A; < m, and suppose 
x m _fc+i, . . . , x m G K have been chosen so that the equality (1) holds for % = 1, . . . , k — 1 
(the case k — 1 is vacuously true). By Proposition 16.81 (iii). the function 

m 

j=m— k+X 

is continuous and therefore assumes its minimum value on K at some point x m -k = 
x m _(fc+i)+i. The equality (1) then holds for i = k. Thus, proceeding inductively, we 
obtain points xi, . . . , x m G K with the required properties. 
From (1) it follows that 

m 

iEi{K)> ^ 

j=m— i+1 

for i — 1, . . . , m — 1. Summing over i, we get 

m— 1 m— 1 m 

^z£;(iT)>^ 2j G^m-i,^) = ^ G{Xi,Xj) 
i=l i=l j=m— i+1 l<i<j<m 

777- \ / 7?7<\ 

JAnOl, • • • ,x m ) > I J J D m (if). 
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Clearly, we may assume that E(K) < +00. Therefore, for each integer k with < k < 
m — 1, 

— 1 m— 1 / \ — 1 m—l 



(\ -1 k , s. -1 m—l 

' i=l ^ ' i=Jfe+l 



Hence 



D m {K) < E{K) + M (* + 1 ) max |^(K) - + sup ^(if) - 



2 / \ 2 / i<-i<fc 



By choosing k sufficiently large, we can make the third term on the right-hand side of 
the above equation arbitrarily small. Moreover, for k fixed, the second term approaches 
as m —>■ 00. The claim (ii) now follows. □ 

The main step in Nakai's construction of the Evans-Selberg potential is a proof that the 
transfinite diameter of the Cech boundary is infinite. For this, the first step is the following 
lemma: 

Lemma 6.10. If Q is a C°° domain with M <<= Q <s M, then 

D(M\fl) = D(dfl). 

Proof. It suffices to show that, for every integer m > 2, 

D m (M\n) = D m (do)- 

that is, given points X\, . . . , x m G M \ ft we have 

D m {x u ...,x m ) > inf D m {y x ,...,y m ). 

We will prove by induction on k = 0,1,2, ... ,m that there exist points y%, . . . ,yk in dfl 
such that 

D m [xi, . . . , x m ) > D m {yi, . . . , y^, x^+i, • • • , x m ). 

The case k = is clear. Suppose < k < m — 1 and there exist points y\, . . . , y^ in dfl 
satisfying the above inequality. By Proposition 16.81 fparts (i) and (iii)), the function ip 
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defined by 

2 J D m (y u ...,y k ,y, x k+2 , ...,x m ) 

(j\ k m 

2 j An-i(yi, • • • , 2/*, . . . , a: m ) + G^, y) + ^ x t ) 
' i=l i=k+2 

is nonnegative and continuous on M \ M D M\Q and superharmonic on M \ Mo D M \ Q. 
Therefore, by the minimum principle for parabolic manifolds (Sect. 1), 

inf ib — inf ib — mini!) = ib(y k +i) 
M\n^ M\n^ an r rw+v 

for some point y k +i £ dQ. Therefore 

771 \ ( 77l\ 

D m (x 1} ...,x m )> D m (yi, ...,y k , x k +i, ...,x m ) = ib{x k+1 ) 



2 J D m (y u ...,y k , Vk+i, x k+2 , ...,x m ). 

Thus the claim and the lemma follow by induction. □ 

Capacity. Given a nonempty compact subset K of M \ M , we denote by W(K) the 
positive number inf ||/i|| 2 , where the infimum is over all unit positive regular Borel measures 
supported in K and, for each such measure /x, 

IMI 2 = / G>(y) d t*(y) = / / G(x,y)dfx(x)dfx(y) 
is the energy of \i. Observe that 

W(K) > min G > 0. 

KxK 

The number 1/W(K) is called the capacity of i^. 

Lemma 6.11. Let Q be a C°° domain with M d Q d M. TTien 

^\m ( m ) 

where u is the harmonic measure of dQ with respect to Q\ M . 

Proof. The nonnegative finitely continuous function tp on M \ Mo defined by 

«(a;) if x gH\M 



p(z) = 



1 if x G M \ n 
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is a potential on M\Mq. For ip is superharmonic and, if v is a harmonic function on M\Mq 
with < v < <p, then v vanishes continuously at OMq. Hence 1 — v is a nonnegative 
continuous function on M \ Mo which is superharmonic on M \ Mq and equal to 1 on OMq. 
Therefore, by the minimum principle for a superharmonic function on the complement of 
a C°° domain in a parabolic manifold, 1 < 1 — v < 1 on M \ M . Therefore v = and <p is 
a potential. Moreover, tp is harmonic on (M \ M ) \ dVt. Therefore, by Lemma E31 there 
exists a positive regular Borel measure \i supported in dfl such that 

<p(x) = G^x) = [ G(x,y)dfi,(y) VxeM\W . 

J M 

Since tp > on M \ Mq, fi(dtl) > 0. 

The infimum W(dQ) is attained by the energy ||/t|| 2 of the unit measure 



For 

||/i|| 2 = / G^dpL— / (fdpL— / dfi = fi(dCl). 
Jan Jan Jan 

Hence 

If A is a positive regular unit 1 Borel measure /x supported in <9f2, then, by the energy principle 
(Lemma 16. 5j) . 



dX = cpdX — I G/j, dX — (/i, A) < \\fi\\ • \\X\ 
Hence ||A|| 2 > ||/i|| -2 = ||/i|| 2 - Therefore 



W(dfi) = || A|| 2 = l/||/i|| 2 = 



as claimed. 
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On the other hand, since u = on dM , u = 1 on dQ, and u is harmonic on Q \ Mq, we 
have 

du 



v n\M { u ) 



_ Vu\ 2 = 

n\M Jd(Q\M ) 

du , N , , N f df 
du 



du 

u(x) — (x) da(x) = I ^(x) da(x) 
dv J on dv 



dM 



dM 



du 
d_ 
du 



[x) da(x) 



x) da(x) 



dM 



dG„ 



dQ 

dG 



G y (x) du(y) 



y 



9Mo 



du 



x) da(x) 



da{x) 
du(y) = 



8M Jan 



dM 

dG 



du 



[x) dcr(x) 



v 



du 



x) du{y) do~(x) 



dG 



dMo 



du 



-(x) da(x) 



du(y) 



(n — 2)r n _i / du(y) (Proposition \ti.H\ part (v)) 
Jan 



□ 



'an 

= (n - 2)r n _ 1 u(dQ) 
The lemma now follows. 

Lemma 6.12. If £1 is a C°° domain with M (£ Q <s M, then 

D(dQ) > W(dQ). 

Proof. For each integer m > 1, there exist points z TO i, . . . , z mm G dQ such that 

^rni^ml ; • • • 5 ^mm) ^ D m {dQj) ^ D m (z m i, . . . , 2 m m) • 

m 

In particular, 

An (2mi > • • • , 2 mm) -> £>(<9ST) as m -> oo. 
Let /x m be the unit positive regular Borel measure supported in the subset 

{^mli • • • j Zmm J 

of <9f2 with 

// m ({2Wi}) = V m for j = l,---,wi- 
Then, since the sequence {u m (dQ)} is constant (hence bounded), there is a subsequence 
{u mk } of {/i m } converging weakly to a unit positive regular Borel measure u supported 
in dQ. In other words, 



/ fdu mk - / /d// V/6C°(ffi). 
Jan Jan 
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It follows that, for every continuous function / on dQ x dQ, 



f{x,y)dfi mk {x)dfi mk {y)^ / f{x,y)dfi m {x)dfi m (y). 

dClJdn Jdn Jdn 

One can verify this by applying the Stone- Weierstrass theorem to approximate / by a 
linear combination of functions of the form a(x)b(y) with a, b G C°(dQ). 

Given a positive real number c, let G c = min(G, c); a finitely continuous function on 
(M x M) \ (dM x dM). Then, for each k, we have 

D mk { z m k li ■ ■ ■ j Z mkmk ) > , _ i \ G c (z mk i, ^m fc j) 



— m 2 G c (z mki , Z mk j) 



ml — 

l<i,j<m k ;ijtj 
rn k m k 

m k 



1 C 

1,3=1 

= / G c {x,y)dfi mk {x)dfi mk (y) - —. 
Jdn Jdn m k 



Thus 



D(dtt) = lim D mk (z mkl , . . . , z mkJnk ) > / / G c (x,y) dfi(x)dfi(y) 
k ^°° Jdn Jan 



for every c > 0. Therefore, by the monotone convergence theorem, 

D(dft) > [ [ G(x,y)dfi(x)dfi(y) = 2 > W{dQ). 
Jan Jan 



□ 



We now come to the main point: 
Lemma 6.13. E(T) = D(T) = +00. 

Proof. Let {M k } be an exhaustion of M by C°° relatively compact domains containing M . 
Then, for each positive integer k, 

in - 2)r n _i 



E(V) > D(T) > D(M \ M k ) = D(dM k ) > W(dM k ) 



^M k \M ( U k) 
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where Uk is the harmonic measure of OM^ with respect to Mk \ Mq. Since M is parabolic, 
the sequence converges to uniformly on compact sets. Hence 

„ / v f du k f du k f du k 

Jd{M k \M ) OV JdM k OV JdM OV 

The lemma now follows. □ 

Theorem 6.14. Let (M,g) be a connected noncompact oriented parabolic Riemannian 
manifold of dimension n > 2 and M a relatively compact domain with C°° connected 
boundary. Then there exists a continuous exhaustion function p on M\ M Q such that tp is 
harmonic on M \ M and equal to on dM . 

Remark. Of course, this theorem holds for n = 2 as well. 

Proof of Theorem 6. 14 In the notation of this section, we have 

E m (T) — > E(T) = +oo as m — > oo. 

Hence there is an increasing sequence of integers {mk} such that, for each k, m k > 1 and 
E mk (T) > 2 k . Hence there exist points x k i, ■ ■ ■ , x kmk in T such that E mk (T, x k i, ■ ■ ■ , Xkm k ) > 
2 k . Let (p k be the nonnegative continuous function defined by 

rrik2 k 



1 X \ 

p k {x) = ——^^G{x,x ki ) WxeM\M . 



i=i 



Then, by Proposition 16.81 tp k is positive and harmonic on M \ M and equal to on dM . 
On T, we have 

Pk > ^E mk (T,x k i, ■ ■ ■ ,X k m k ) > 1. 

Hence there exists an exhaustion {Qk} of M by domains such that p>k > 1 on M \ Q k for 
each k. If if is a compact subset of M \ Mo, then G is finitely continuous, hence bounded, 
on K x T. Therefore, for some positive constant a (depending on K), we have 

m k 
1=1 

for point x G K and integer k > 1. Hence YlVk converges uniformly on compact subsets 
of M \ Mq to a continuous function (p which is positive and harmonic on M \ Mq and equal 



FILTERED ENDS AND PROPER HOLOMORPHIC MAPPINGS 75 

to on OMq. Moreover, for x G M \ f2&, we have 

k k 

> V 9 i( x ) — 1 = k — > +oo as — * oo. 

Hence exhausts M \ Mo. □ 
The corresponding result for parabolic ends is applied in Sect. 2 of |NRlj . 

Corollary 6.15. Let (M,g) be a connected noncompact oriented Riemannian manifold, let 
Q be a C°° relatively compact domain in M , and let E be a connected component of M\Q 
which is not relatively compact in M. Assume that E is a parabolic end. Then there exists 
a continuous exhaustion function ip on E which is harmonic on E and equal to on dE. 

Proof. Clearly, we may assume that M is the double of E; a parabolic manifold. Let M 
be a C°° relatively compact domain in Q such that M \ M is connected, let ip be as in 
Theorem 16 .14| and let {M&} be an exhaustion of M by (^relatively compact domains 
containing Q, and for each positive integer k, let Vk be the continuous function on \ Q 
which is harmonic on \ Q, equal to on dM^, and equal to tp on dVt. Then < 
Vk < a = m & x an f - Moreover, the sequence {y u] in nondecreasing and therefore converges 
uniformly on compact subsets of M \ Q to a nonnegative continuous function v such that v 
is harmonic on M\Q, v = (p on dVt, and <« < aonM\0. Hence the function ip = ip — v 
has the desired properties. □ 

Remark. Given a point xq e Mo, by applying Sario's existence theorem of principal func- 
tions (Theorem A.l) to the function ip of Theorem I6.14[ one can construct a unique po- 
tential p on M such that p is harmonic on M \ {xq}; p — G' XQ is harmonic on M , where 
G' is the Green's function on M ; and p exhausts M \ M . The function p is called the 
Evans-Selberg potential of M with pole at Xq. The existence of the Evans-Selberg potential 
is equivalent to parabolicity. For the details, the reader may refer to |SaNoj . 
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